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ABSTRACT
L e t  X Be a s e t ,  S a  sem ig ro up  and X x S -> X an 
a c t i o n  d e n o te d  by ( x , s )  -♦ xs  . We f r e q u e n t l y  assume t h a t  
t h i s  a c t i o n  i s  e f f e c t i v e , i . e . ,  t h a t  i f  s , t e S , s ^ t ,  
t h e n  t h e r e  i s  x e X so t h a t  x s  ^  x t  . We f u r t h e r  assume 
t h a t  i f  S h a s  an i d e n t i t y  1 , t h e n  x l  = x f o r  each
x e X . A non-em pty  s u b s e t  A c  X x X i s  c a l l e d  an i n v a r i a n t
r e l a t i o n  on X u n d e r  S i f  AS c  A . We s a y  A. i s  a  m i n i ­
mal i n v a r i a n t  r e l a t i o n  i f  no p r o p e r  s u b s e t  o f  A. i s  i n v a r i a n t
u n d e r  S . MIR i s  t h e  u n io n  o f  t h e  m in im a l  i n v a r i a n t  
r e l a t i o n s .
E le m e n ta r y  p r o p e r t i e s  o f  m in im a l  i n v a r i a n t  r e l a t i o n s  
a r e  g iv e n  and MIR i s  d e s c r i b e d  f o r  s e m ig ro u p s  w i t h  a  
m in im a l  r i g h t  i d e a l .  I t  i s  shown t h a t  i f  S a c t s  e f f e c t ­
i v e l y  on X and S h a s  a  m in im a l  l e f t  i d e a l ,  t h e n
MIR = X x X i f  and  o n l y  i f  S i s  a  g r o u p .  I n  t h e  c a s e
where S a c t s  on i t s e l f  b y  r i g h t  m u l t i p l i c a t i o n ,  MIR = S x S
and E ( S ) ^  |  , t h e n  S i s  a  g r o u p ;  i f  E (S)  = 0  , t h e n
S i s  a sub sem ig ro u p  o f  a  B a e r - L e v i  s e m ig r o u p .  T h i s  l a t t e r
iv
Vc l a s s  o f  s e m ig ro u p s  i s  s t u d i e d  and c a l l e d  MIR s e m ig r o u p s .
We i n v e s t i g a t e  a  c l a s s  o f  su b s e m ig ro u p s  o f  B a e r - L e v i  
which  a r e  u n i v e r s a l  i n  t h e  embedding s e n s e  f o r  MIR sem i­
g r o u p s .  To d e s c r i b e  t h e  work ,  l e t  X be  a  s e t  o f  c a r d i ­
n a l i t y  XQ and l e t  BL(X) be  t h e  B a e r - L e v i  sem ig roup  o f  
o n e - t o - o n e  f u n c t i o n s  $ f rom  X t o  X so t h a t  X\X§ i s  
i n f i n i t e .  L e t  3 = CF a lia  € A? be  a  c o l l e c t i o n  o f  i n f i n i t e  
s u b s e t s  o f  X s a t i s f y i n g  t h e  c o n d i t i o n  t h a t  f o r  e a c h  a , (3 € A 
t h e r e  i s  n e A so  t h a t  U Fa c  p and  F \ ( F .  U Fa ) i s1 a  p p n a  P
i n f i n i t e .  L e t  BBL(X) be t h e  su bsem ig ro u p  o f  BL(X) d e ­
f i n e d  by  $ e BBL(X) i f  t h e r e  e x i s t s  a  e a such  t h a t  
(X)§ c  F a  . The sem ig ro u p s  BBL(X) a r e  i d e m p o t e n t - f r e e ,  
r i g h t  s i m p l e ,  l e f t  r e d u c t i v e ,  and have t h e  p r o p e r t y  t h a t  a n y  
two e l e m e n t s  have  a  common r i g h t  i d e n t i t y .  S in c e  t h i s  i m p l i e s  
t h a t  MIR = S x S , t h e s e  s e m ig ro u p s  a r e  b a s i c  exam ples  o f  
t h e  c l a s s  o f  s e m ig ro u p s  e n c o u n t e r e d  a b o v e .  Numerous con­
g r u e n c e s  on BBL(X) a r e  e x h i b i t e d  and p a r t  o f  t h e  s t r u c t u r e  
o f  t h e  l a t t i c e  o f  c o n g ru e n c e s  on BBL(X) i s  g i v e n .  B a s i c ­
a l l y ,  t h e r e  i s  a  l a r g e s t  p r o p e r  c o n g ru e n ce  Y and a 
s m a l l e s t  p r o p e r  c o n g ru e n ce  6 w i t h  an u n c o u n t a b l e  number 
o f  c o n g ru e n c e s  between 6 and Y •
CHAPTER I  
INTRODUCTION
L et  X be a  s e t ,  S a  sem ig roup  and X x S X an 
a c t i o n  d e n o te d  by ( x , s )  -> x s  . We f r e q u e n t l y  assume t h a t  
t h i s  a c t i o n  i s  e f f e c t i v e , i . e . ,  t h a t  i f  s , t e S , s / t ,  
t h e n  t h e r e  i s  x  e X so  t h a t  xs  ^  x t  . We f u r t h e r  assume 
t h a t  i f  S h a s  an i d e n t i t y  1 t h e n  x l  = x f o r  each
x e X . In  [ 7 ] ,  a  " n a t u r a l "  i n d u c e d  a c t i o n  o f  S on X x X
■was s t u d i e d ,  i . e . ,  an a c t i o n  (XxX) x S -» X x X g iv e n  by  
( ( x , y ) , s )  ■=» ( x s , y s )  . A n on-em pty  s u b s e t  A c  X x X i s
c a l l e d  an i n v a r i a n t  r e l a t i o n  on X u n d e r  S i f  AS c  A .
We s a y  A i s  a  m in im a l  i n v a r i a n t  r e l a t i o n  i f  no p r o p e r  su b ­
s e t  o f  A i s  i n v a r i a n t  u n d e r  S .
I n  [7 ]  and [ 8 ] ,  some e l e m e n t a r y  p r o p e r t i e s  o f  m in im al  
i n v a r i a n t  r e l a t i o n s  w i t h  X and S f i n i t e  were  d i s c u s s e d .  
Of p r i m a r y  c o n c e rn  t h e r e  was t h e  l o c a l l y  compact s e m i a l g e b r a  
g e n e r a t e d  by  t h e  i n c i d e n c e  m a t r i c e s  o f  t h e  m in im a l  i n v a r i a n t  
r e l a t i o n s  on X u n d e r  S . Here we r e s t r i c t  o u r  a t t e n t i o n
t o  t h e  i n v e s t i g a t i o n  o f  sem ig rou p  a c t i o n s  and t h e i r  m in im al
1
2i n v a r i a n t  r e l a t i o n s .  In  p a r t i c u l a r ,  we w i l l  be  i n t e r e s t e d  
i n  t h e  c a s e  where  X x X i s  t h e  u n io n  o f  m in im a l  i n v a r i a n t  
r e l a t i o n s .
When X = S and t h e  a c t i o n  i s  r i g h t  m u l t i p l i c a t i o n ,  
a  c e r t a i n  c l a s s  o f  r i g h t  e a n c e l l a t i v e  i d e m p o t e n t - f r e e  sem i­
g ro u p s  a r i s e s .  We c a l l  them MIR s e m ig r o u p s .  (The d e ­
s i g n a t i o n  MIR i s  s h o r t  f o r  "m in im al  i n v a r i a n t  r e l a t i o n " . )
I t  h a s  been  shown t h a t  any  r i g h t  e a n c e l l a t i v e  i d e m p o t e n t -  
f r e e  sem ig rou p  can be  embedded i n  a  B a e r - L e v i  se m ig ro u p  [1 ]  
o r  [3 ]*  We i n v e s t i g a t e  what  we c a l l  bounded  B a e r - L e v i  sem i­
g r o u p s ,  which  t u r n  o u t  t o  be  u n i v e r s a l  i n  t h e  embedding  s e n s e  
f o r  t h e  c l a s s  o f  MIR s e m ig r o u p s .  We g i v e  a  p a r t i a l  d e s c r i p ­
t i o n  o f  t h e  l a t t i c e  o f  c o n g r u e n c e s  o f  a  bounded  B a e r - L e v i  
se m ig rou p  and r a i s e  t h e  more g e n e r a l  q u e s t i o n :  What l a t t i c e s
can be  r e a l i z e d  a s  t h e  l a t t i c e  o f  c o n g r u e n c e s  f o r  some r i g h t  
e a n c e l l a t i v e  i d e m p o t e n t - f r e e  s e m ig r o u p .
We w i l l  d e n o te  t h e  s e t  o f  i d e m p o t e n t s  o f  a  s e m ig rou p  S 
by  E(S) , t h e  i d e n t i t y  r e l a t i o n  on S b y  A and t h e  u n i ­
v e r s a l  r e l a t i o n  b y  uj . A c o n g ru e n c e  on S i s  a  l e f t  and 
r i g h t  c o m p a t i b l e  e q u i v a l e n c e  r e l a t i o n .  I f  p i s  a  c o n g ru e n c e  
on S , t h e n  S/p  i s  a  homomorphic image o f  S u n d e r  t h e  
o b v io u s  homomorphism; a n d ,  c o n v e r s e l y ,  any  homomorphic image 
o f  S i s  i s o m o r p h ic  t o  S/p f o r  some c o n g ru e n c e  p 
[ 2 ,  1 . 5 1 .
3I f  p i s  a n y  r e l a t i o n  on S , t h e n  t h e  t r a n s i t i v e  
c l o s u r e  o f  p i s  d e f i n e d  a s  f o l l o w s :
, 00
p = U Pn = p U ( p o p )  U ( p o p o p )  u  —  
n = l
The r e l a t i o n  p^ i s  t h e  s m a l l e s t  t r a n s i t i v e  r e l a t i o n  con­
t a i n i n g  p .
P r o p o s i t i o n  1 . 1 .  I f  P i s  a  r i g h t  and  l e f t  c o m p a t i b l e , 
r e f l e x i v e ,  sym m etr ic  r e l a t i o n  on S , t h e n  p _is a  con-
A n o n -em p ty  s u b s e t  L o f  S i s  a  l e f t  i d e a l  i f  
LS c  L and  a  m in im a l  l e f t  i d e a l  i f  no p r o p e r  s u b s e t  o f  L
i s  a  l e f t  i d e a l .  The d e f i n i t i o n s  o f  r i g h t  i d e a l ,  m in im a l
r i g h t  i d e a l ,  ( t w o - s i d e d )  i d e a l ,  and m in im a l  i d e a l  a r e  t h e  
o b v io u s  o n e s .  A s im p le  se m ig ro up  h a s  no p r o p e r  i d e a l s .  A 
l e f t  g ro up  i s  a  r i g h t  e a n c e l l a t i v e  l e f t  s im p le  s e m ig r o u p .
L e t  f  e E (S)  j f  i s  p r i m i t i v e  i f  w heneve r  e € E(S) 
such  t h a t  e f  = f e  = f  , t h e n  e = f  . S i s  c o m p l e t e l y  
s i m p le  i f  S i s  s im p le  and  h a s  a  p r i m i t i v e  i d e m p o t e n t .
We g i v e  two u s e f u l  c h a r a c t e r i z a t i o n s  o f  c o m p l e t e l y  s im p le  
s e m i g r o u p s :
L e t  X and Y be  s e t s ,  G a  g roup  and  f :Y  x X -» G
a  f u n c t i o n .  Then t h e  Rees p r o d u c t  sem ig roup  a s s o c i a t e d  w i t h  
X, Y, G and f  i s  t h e  s e t  X x G X Y a l o n g  w i t h  t h e
4i i i  i . i  i .
o p e r a t i o n  ( x , g , y ) ( x  , g  , y  ) = ( x , g , f ( y , x  )g  , y  ) .
Theorem 1 . 2 .  A se m ig rou p  i s  c o m p l e t e l y  s im p le  i f  and o n l y  
i f  i t  i s  i s o m o r p h ic  w i t h  a  Rees p r o d u c t  sem ig ro up  [2 ,  p . 9 4 ] .
P r o p o s i t i o n  1 . 3 .  S i_s a  c o m p l e t e l y  s im p le  sem ig roup  i f  and 
o n l y  i f  S j i s  t h e  u n io n  o f  i t s  m in im a l  r i g h t  i d e a l s  and
(1) E (S)  0 0 or
(2)  S h a s  a  m in im a l  l e f t  i d e a l . In  t h i s  c a s e , i f  R 
and L a r e  m in im a l  r i g h t  and  l e f t  i d e a l s  r e s p e c t i v e l y , t h e n  
RflL 0 0 and  RT1L i s  a  g ro u p  [ 2 ,  2 . 7 ] .
CHAPTER I I  
MINIMAL INVARIANT RELATIONS
L e t  X x S -» X b e  an  a c t i o n  o f  S on X d e n o te d  by  
j u x t a p o s i t i o n ,  i . e . ,  ( x , s )  ■+ x s  . C o n s i d e r  t h e  c o o r d i n a t e -
w ise  a c t i o n  ( ( x , y ) , s )  ** ( x , y ) s  5 ( x s , y s )  o f  S on X x X . 
L e t  A d e n o te  t h e  d i a g o n a l  o f  X X X , £  t h e  s e t  o f  n o n ­
empty m in im a l  i n v a r i a n t  r e l a t i o n s  on X x X u n d e r  S ,
and MIR t h e  u n io n  o f  a l l  e l e m e n t s  o f  £  . Note  t h a t  %
may be  em pty .  F o r  ex am p le ,  t a k e  X = ( 0 , 1 ]  = S and l e t  
t h e  a c t i o n  be  r i g h t  m u l t i p l i c a t i o n . But  i f  S h a s  a  m in im a l  
r i g h t  i d e a l ,  i s  n e c e s s a r i l y  n o n -e m p ty .  T h i s  s e c t i o n
c o n t a i n s  some e l e m e n t a r y  p r o p e r t i e s  o f  m in im a l  i n v a r i a n t  
r e l a t i o n s ,  many o f  which  a r e  t a k e n  d i r e c t l y  f rom  [ 6 ] and  
[ 7 ] .
P r o p o s i t i o n  2 . 1 .  I f  R j ,R 2 6 /? , R j  /  Rg , t h e n  
R-jD R2 = 0 .
P r o o f .  Suppose  R^H R2 ^  0 • Then
(R-jO R2 )S c  RjS n R2S c  Rjfi R2 , so  R-jfl R2 i s  an i n v a r i a n t
5
r e l a t i o n . But R-jfi Rg c  R^ and s i n c e  R^ i s  m in im a l ,  
t h i s  i m p l i e s  t h a t  R^fl Rg = Ri • S i m i l a r l y ,  R^H Rg = Rg ; 
and t h e r e f o r e  R^ = Rg . □
P r o p o s i t i o n  2 . 2 .  The d i a g o n a l  r e l a t i o n  A _is i n v a r i a n t  
u n d e r  S .
P r o o f .  F o r  ( a , a )  e A , and s e S , ( a , a ) s  e A . □
P r o p o s i t i o n  2 . 3 .  I f  R e / ?  and R- "1" = { ( x , y )  : ( y , x )  e R)
t h e n  R_1 e /? . C o n s e q u e n t l y  i f  R e / ? ,  t h e n  R = R_1
o r  R n R" 1 = 0  .
P r o o f . F o r  ( x , y )  e R” 1 and s e S , ( y s , x s )  = ( y , x ) s  e R
and hence  ( x s , y s )  e R" 1 . The se co n d  p a r t  f o l l o w s  f rom  2 . 1 .
P r o p o s i t i o n  2 . 4 .  I f  ( a , b )  e X x X , t h e n  ( a , b ) S  j ls  i n ­
v a r i a n t  u n d e r  S and { ( a , b ) } U ( a , b ) S  i s  c o n t a i n e d  i n  a n y
i n v a r i a n t  r e l a t i o n  c o n t a i n i n g  ( a , b )  .
P r o o f . C e r t a i n l y  ( a ,b ) S S  c  ( a , b ) S  and i f  R i s  an i n ­
v a r i a n t  r e l a t i o n  c o n t a i n i n g  ( a , b )  , t h e n  ( a , b ) S  c  R . □
P r o p o s i t i o n  2 . 5 . I f  ( a , b )  e R e /? , t h e n  R = ( a , b ) S  .
P r o o f . By t h e  p r e v i o u s  p r o p o s i t i o n ,  t h e  i n v a r i a n t  r e l a t i o n
( a , b ) S  i s  c o n t a i n e d  i n  R and s i n c e  R i s  a  m in im a l  i n ­
v a r i a n t  r e l a t i o n ,  R = ( a , b ) S  . □
7P r o p o s i t i o n  2 . 6 .  I f  ( a , b )  e X x X , t h e n  t h e r e  I s  s e S
so t h a t  ( a , b ) s  = ( a , b )  , a n a  ( a , b ) S  is_ m in im a l  i n v a r i a n t
i f  a n a  o n l y  i f  ( a , b )  e MIR .
P r o o f . I f  ( a , b ) S  i s  m in im a l  i n v a r i a n t  ana  ( a , b )  = ( a , b ) s  
f o r  some s e S , t h e n  ( a , b )  = ( a , b ) s  e ( a , b ) S  c  MIR .
C o n v e r s e l y ,  i f  ( a , b )  e MIR , t h e n  t h e r e  i s  a  m in im a l  i n ­
v a r i a n t  r e l a t i o n  R c o n t a i n i n g  ( a , b )  ana  b y  t h e  p r e v i o u s
p r o p o s i t i o n  R = ( a , b ) S  ; t h e r e f o r e ,  ( a , b )  = ( a , b ) s  f o r  
some s e S . □
P r o p o s i t i o n  2 . 7 .  I f  A c X x X  is_ i n v a r i a n t  u n a e r  S ,
t h e n  A e /? i f  a n a  o n l y  i f  S a c t s  t r a n s i t i v e l y  on A ,
_i._e. ,  i f  ( a , b )  ana  ( c , a )  a r e  i n  A , t h e n  t h e r e  i s
s e S so t h a t  ( a , b ) s  = ( c , a )  .
P r o o f . I f  A. e % , ( c , a )  e A = ( a , b ) S  , so  ( c , a )  = ( a , b ) s
f o r  some s e S . F o r  t h e  o t h e r  i m p l i c a t i o n ,  su ppose  A i s
an i n v a r i a n t  r e l a t i o n  a n a  B i s  an i n v a r i a n t  n o n -em p ty  s u b ­
s e t  o f  A j t h e n  f o r  ( a , b )  e B , ( a , b ) S  c  B , b u t  b y  t h e
t r a n s i t i v i t y  o f  S on A. , A c  ( a , b ) S  a n a  t h e r e f o r e  
B = A . T h i s  means t h a t  A e /? . □
P r o p o s i t i o n  2 . 8 .  JEf R e / ?  an a  ( a , a )  e R f o r  some a  e S , 
t h e n  R c  A •
P r o o f . The m in im a l  i n v a r i a n t  r e l a t i o n  R i s  ( a , a ) S  a n a
i s  t h e r e f o r e  a  s u b s e t  o f  A . □
P r o p o s i t i o n  2 . 9 .  I f  R e / ?  and  ( a , b )  e w i t h  a  b , 
t h e n  R c  (XxX)\A .
P r o o f . I f  R fl A ^  0  , b y  t h e  p r e v i o u s  p r o p o s i t i o n  R c  A
P r o p o s i t i o n  2 .10A .  L e t  ( a , b )  e X x X . Then ( a , b )  e MIR
i f  and  o n l y  i f  ( i )  t h e r e  i s  s e S such  t h a t  ( a , b ) s  = ( a , b
!
and ( i i )  f o r  e ac h  s , t  e S t h e r e  i s  t  e S su c h  t h a t  
( a , b ) s t *  = ( a , b ) t  .
P r o o f . Suppose  ( a , b )  e MIR . By 2 . 6 ,  t h e r e  i s  an s e S 
such  t h a t  ( a , b ) s  = ( a , b )  and b y  2 .5  t h e  m in im a l  i n v a r i a n t
r e l a t i o n  c o n t a i n i n g  ( a , b )  i s  ( a , b ) S  . Then b y  2 . 7 ,  f o r
( a , b ) s  and  ( a , b ) t  e ( a , b ) S  t h e r e  i s  a  t '  e S such  t h a t
( a , b ) s t *  = ( a , b ) t  . The c o n v e r s e  f o l l o w s  f rom  2 . 7  and 2 . 6 .
P r o p o s i t i o n  2 .1 0 B .  L e t  ( a , b )  e X x X . Then ( a , b )  e MIR
i f  and  o n l y  i f  f o r  e a c h  s e S t h e r e  i s  a  t  e S such  t h a t
( a , b )  = ( a , b ) s t  .
P r o o f . I f  ( a , b )  e MIR , s e S ,  ( a , b ) e  ( a , b ) S  , t h e
m in im a l  i n v a r i a n t  r e l a t i o n  c o n t a i n i n g  ( a , b )  . Then s i n c e  
S i s  t r a n s i t i v e  on ( a , b ) S  , t h e r e  i s  a  t  e S so  t h a t  
( a , b )  = ( a , b ) s t  . F o r  t h e  o t h e r  i m p l i c a t i o n ,  i f  s '  e S , 
t h e r e  i s  t  e S su ch  t h a t  ( a , b ) s ' t  = ( a , b )  , so
9( a , b )  e ( a , b ) S  . Then f o r  ( a , b ) s , ( a , b ) t  e ( a , b ) S  t h e r e  
i s  t '  e S such  t h a t  ( a , b ) s t  = ( a , b )  , a n a  t h e r e f o r e
( a , b ) s t ' t  = ( a , b ) t  . I t  now f o l l o w s  f rom  t h e  p r e v i o u s  
p r o p o s i t i o n  t h a t  ( a , b )  e MIR . □
L e t  S ana  T be  s e m ig r o u p s ,  X any  Y s e t s  w i t h
f :X  =» Y a f u n c t i o n  ana  g :S  -» T a  homomorphism. Then 
( f , g ) :  (X,S) *♦ (Y,T) i s  an a c t  homomorphism i f  ( x s ) f  =
( x f ) s g  .
P r o p o s i t i o n  2 . 1 1 .  I f  ( f , g ) : ( X , S )  -» (Y,T) i s  an a c t  homo­
morphism ana  A c  X x X _is i n v a r i a n t  u n a e r  S , t h e n  
( A ) ( f x f ) i s  i n v a r i a n t  u n a e r  Sg .
P r o o f . L e t  ( a f , a ' f )  e ( A ) ( f x f )  a n a  sg  e Sg . Then 
( a f , a ' f ) s g  == ( a s f , a ' s f )  = ( a s , a ' s )  ( f x f ) e (A . ) ( fx f )  . □
I f  C XxX * t h e  comPos:i- t i o n  o f  Rx a n a  R2 j
R1oR2 = f ( x ^y ) € XxX : (x ’ z ) e r i ^ ( 2 jY) € R2 :£'o r  some z e X) .
P r o p o s i t i o n  2 . 1 2 .  I f  R^ ana  Rg a r e  i n v a r i a n t  r e l a t i o n s  
on X u n a e r  S , t h e n  so i s  t h e i r  c o m p o s i t i o n , jt-e,-* t h e  
i n v a r i a n t  r e l a t i o n s  form  a  su b sem ig ro u p  o f  t h e  sem ig roup  o f  
r e l a t i o n s  on X .
P r o o f . I f  ( x , y )  e Ri ° R2 ’ t h e n  t h e r e  i s  z e X such  t h a t  
( x , z )  e Rj ana  ( z , y )  e Rg . S in c e  R^ a n a  Rg a r e  i n ­
v a r i a n t  u n a e r  S , ( x , z ) s  e R^ a n a  ( z , y ) s  e Rg . I t
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f o l l o w s  t h a t  ( x s , y s )  e R^oRg - ^
F o r  t h e  r e m a i n d e r  o f  t h i s  s e c t i o n ,  we g i v e  some r e ­
s u l t s  on t h e  n a t u r e  o f  (m in im a l )  i n v a r i a n t  r e l a t i o n s .  As 
s t a t e d  above we a r e  a s su m in g  t h a t  S a c t s  on t h e  r i g h t  o f  
X . I f  x e X t h e n  t h e  o r b i t  o f  x i s  t h e  s e t  xS . We 
n o t e  t h a t  a  m in im a l  i n v a r i a n t  s u b s e t  o f  X i s  an o r b i t  and 
hen ce  a  m in im a l  o r b i t .  I f  X = S and t h e  a c t i o n  i s  r i g h t  
m u l t i p l i c a t i o n ,  o f  c o u r s e ,  a  m in im a l  o r b i t  i s  a  m in im a l  
r i g h t  i d e a l .  F o l l o w i n g  t h e  n o t a t i o n  o f  [3* P- 2 5 9 ] ,  we w i l l
s ay  t h a t  an o r b i t  o f  x , xS , i s  s t r i c t  i f  x e xS . The
f o l l o w i n g  p r o p o s i t i o n s  (2 .13A, 2 .13B ,  2 .14A, 2 . 1 4 b and 2 . 1 5 )  
r e l a t e  m in im a l  i n v a r i a n c e  i n  X x X t o  m in im a l  i n v a r i a n c e  
i n  X . I t  i s  n o t e d  t h a t  f o r  t h e  c a s e  o f  X = S , where  
t h e  a c t i o n  i s  r i g h t  m u l t i p l i c a t i o n ,  t h e  c o n v e r s e s  o f  2.13A 
and 2 . 1 4 a., g iv e n  a s  2 .13B and 2 . 1 4 b a r e  p a r t i a l  and n e c e s ­
s a r i l y  so  a s  shown by Example 2 . 1 8 .
P r o p o s i t i o n  2 .13A . JEf ( x , y ) S  jLs m in im a l  i n v a r i a n t , t h e n  
xS and yS a r e  m in im a l  o r b i t s .
P r o o f . The r e l a t i o n  ( x , y ) S  i s  m in im a l  i n v a r i a n t  i f  and
1
o n l y  i f  f o r  each  s , t  e S t h e r e  i s  t  e S su ch  t h a t
( x , y ) t  = ( x , y ) s t  . I t  f o l l o w s  t h a t  S I s  t r a n s i t i v e  on
xS and yS i n d i v i d u a l l y .  □
P r o p o s i t i o n  2 .1 3 B .  Under t h e  a s s u m p t io n  t h a t  X = S and
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t h e  a c t i o n  I s  r i g h t  m u l t i p l i c a t i o n , I f  xS I s  a  m in im a l
o r b i t  ana  y e Sx , t h e n  ( x , y ) S  _ls a  m in im a l  i n v a r i a n t  
r e l a t i o n .
P r o o f .  I f  xS i s  m in im a l  i n v a r i a n t  a n a  y  = zx  f o r  some 
z e S , t h e n  f o r  s , t  e S , we h a v e  xsS  = xS a n a  hen ce
t h e r e  i s  a  t '  e S su c h  t h a t  x s t '  = x t  . A lso  y t  = z x t
= z x s t '  = y s t '  so  t h a t  ( x , y ) t  = ( x , y ) s t *  a n a  ( x , y ) S
i s  m in im al  i n v a r i a n t .  □
P r o p o s i t i o n  2 . 1 4 a . I f  ( x , y )  e MIR , t h e n  xS an a  yS
are  s t r i c t  m in im a l  o r b i t s .
P r o o f . I f  ( x , y )  e MIR , t h e n ,  b y  2 . 6 ,  t h e r e  i s  an s e S
su c h  t h a t  ( x , y ) s  = ( x , y )  a n a  ( x , y ) S  i s  a  m in im a l  i n v a r i a n t
r e l a t i o n .  I t  f o l l o w s  f rom  2.13A t h a t  xS ana  yS a r e  mi­
n i m a l  o r b i t s ,  an a  s i n c e  x = x s  e xS a n a  y = ys  e yS , xS 
a n a  yS a r e  s t r i c t  m in im a l  o r b i t s . □
P r o p o s i t i o n  2 . 1 4 b . Unaer  t h e  a s s u m p t io n  t h a t  X = S a n a
t h e  a c t i o n  i s  r i g h t  m u l t i p l i c a t i o n , i f  xS _is a  m in im a l
s t r i c t  o r b i t  a na  y e Sx , t h e n  ( x , y )  e MIR .
P r o o f . S in c e  xS i s  a  s t r i c t  o r b i t ,  t h e r e  i s  an s e S 
so  t h a t  x = x s  . By h y p o t h e s i s ,  t h e r e  i s  a  z e S such
t h a t  y  = zx ; t h e r e f o r e ,  y s  = z x s  = zx = y  o r  ( x , y )  =
( x , y ) s  . A p p ly in g  2 .13B ,  we have  t h a t  ( x , y ) S  i s  a
m in im a l  i n v a r i a n t  r e l a t i o n .  Now i t  f o l l o w s  f rom  2 . 6  t h a t  
( x , y )  e MIR . □
C o r o l l a r y  2 . 1 5 .  JEf X is_ t h e  u n io n  o f  m in im a l  s t r i c t
o r b i t s  o f  X , t h e n :
( i )  A c  MIR i f  and o n l y  i f  X = X and
( i i )  MIR c  U Xs x Xs c  X X X .
seS
P r o o f . I f  A c  MIR and x e X , ( x , x ) S  c  a and  t h e r e f o r e
a  m in im a l  i n v a r i a n t  r e l a t i o n .  I t  f o l l o w s  t h a t  x  e xS ,
a s t r i c t  m in im a l  o r b i t .  F o r  ( i i )  l e t  ( x , y )  € MIR . Then,
by 2 . 1 4 a , xS and  yS a r e  s t r i c t  m in im a l  o r b i t s  a nd ,
b y  2 . 6 ,  t h e r e  i s  an s € S su ch  t h a t  ( x , y )  = ( x , y ) s  .
T h e r e f o r e ,  ( x , y )  = ( x , y ) s  = ( x s , y s ) s  e xSs x ySs c  Xs x Xs
F o r  a r b i t r a r y  s e S and ( x , y )  e X x X , x s e x S c X
and y s  e yS c  X , so  U Xs x Xs c  X X X . □
seS
P r o p o s i t i o n  2 . 1 6 .  I f  S ^ s  t h e  u n io n  o f  m in im a l  r i g h t
i d e a l s  and  S a c t s  on a  s e t  X , t h e n
MIR = U (XsXXs) = U ( x , y ) S  .
seS x ,yeX
P r o o f . The se co n d  e q u a l i t y  i s  im m e d ia te  and
MIR c  U (XsxXs) by  2 .1 5  ( i i ) .  To show t h a t  t h e  r e m a i n i n g  
seS
i n c l u s i o n  h o l d s ,  l e t  ( x s , y s )  e Xs x Xs , and  t  € S .
Then s t S  = sS , t h e  m in im a l  r i g h t  i d e a l  c o n t a i n i n g  s ,
so  t h a t  ( x s , y s )  e ( x s , y s ) t S  and ( x s , y s )  e MIR by  2 .1 0 B .
C o r o l l a r y  2 . 1 7 .  I f  S i s  a  c o m p l e t e l y  s im p le  se m ig ro u p
a c t i n g  on i t s e l f  b y  r i g h t  m u l t i p l i c a t i o n ,  t h e n
MIR = U Se X Se . 
eeE (S)
P r o o f . A c o m p l e t e l y  s im p le  sem ig roup  i s  t h e  u n io n  o f  i t s
m in im a l  r i g h t  i d e a l s  and  so  MIR = U (S sx S s )  . The s e t  Ss
seS
i s  a  m in im a l  l e f t  i d e a l ,  c o n t a i n s  an i d e m p o t e n t ,  e , and 
Ss = Se . □
Note t h a t  i n  t h i s  c a s e  MIR i s  G r e e n ’ s r e l a t i o n  £  .
Example 2 . 1 8 .  L e t  X = {x-^Xg) , Y = { y - ^ y g ^ }  ,
G = Zg = {0,1} , and f : Y  x X ■* G be  d e f i n e d  b y  f ( y 1 , x 1 ) 
f ( y i * x 2 ) = f ( y 2 , x 1 ) = f ( y 3 , x 1 ) = 0 and  f ( y 2 ,Xg) = f ( y y X g )  
L e t  S be  t h e  Rees p r o d u c t  [X ,G ,Y ]f  . I f  a  = ( x ^ , l , y ^ )  , 
b = ( X g , l , y - L) , c = ( x g , l , y 2 ) , d = (x1 , 0 , y 2 ) and 
e = (X g ,0 , y 3 ) t h e n  s i n c e  ( x g , 0 , y 1 ) ( x 1 , l , y 1 ) =
(Xg, 0 + fC y -^ x
2 .13B  t h a t  ( a , b ) S  i s  m in im a l  i n v a r i a n t .  Note  t h a t  c ^  Sa
a s  c and  a  have  d i f f e r e n t  t h i r d  c o o r d i n a t e s .  I n  f a c t ,  
( a , b ) S  eg ( a , c ) S  so  t h a t  ( a , c ) S  i s  n o t  m in im a l  i n v a r i a n t .  
However,  d £  Se and ( d , e ) S  i s  m in im a l  i n v a r i a n t .  In
f a c t ,  ( d , e ) S  = ( a , b ) S  .
F o r  S a c t i n g  on X and T a su b sem ig ro u p  o f  S ,
we d e f i n e  MIR(T) = U(R:H c  XxX and R i s  a  m in im a l  
i n v a r i a n t  r e l a t i o n  u n d e r  T} .
^ ) + I j Y t )  = ( x g , l , y 2 ) = b , i t  f o l l o w s  f rom
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P r o p o s i t i o n  2 . 1 9 .  I f  T c  S j is  any  r i g h t  i d e a l  o f  S , 
t h e n  MIR(T) = MIR(S) .
P r o o f . We w i l l  u se  2 .10B  f o r  "both i n c l u s i o n s .  I f  
( a , b )  e MIR(T) , ( a , b )  = ( a , b ) t  f o r  some t  e T . Then f o r
a r b i t r a r y  s e S , t s  e T and h e n c e  ( a , b )  = ( a , b ) t  = ( a , b ) t s t  
f o r  some t '  e T c  S . I f  ( a , b )  e MIR(S) and t Q e T , t h e n  
f o r  a l l  t  e T , ( a , b )  e ( a , b ) t t QS c  ( a , b ) t T  . □
P r o p o s i t i o n  2 . 2 0 .  _If S a c t s  on a  s e t  X and S h a s  a
m in im a l  r i g h t  i d e a l  R , t h e n  MIR(S) = U ( x , y ) R  .
x ,yeX
P r o o f .  By 2 . 1 9 ,  MIR(S) = MIR(R) , and  b y  2 . 1 6 ,
MIR(R) = U ( x ,y ) R  . □
x ,yeX
Remark. T h i s  means t h a t  u n d e r  t h e  h y p o t h e s i s  o f  2 . 2 0 ,
( a , b )  e MIR i f  and o n l y  i f  t h e r e  i s  an e le m e n t  r  e R su ch
t h a t  ( a , b ) r  = ( a , b )  . I t  a l s o  f o l l o w s  t h a t  i f  ( a , b ) r  = ( a , b )
i
f o r  some r  e R , and  R i s  any  m in im a l  r i g h t  i d e a l  o f  S ,
1 1  / \ 1 / \t h e r e  i s  an r  e R su c h  t h a t  ( a , b ) r  = ( a , b )  .
C o r o l l a r y  2 . 2 1 .  _If S a c t s  e f f e c t i v e l y  on a  s e t  X , S 
h a s  a  m in im a l  r i g h t  i d e a l  R , and  MIR c  A , t h e n  t h e r e  
i s  a  u n i q u e  m in im a l  i n v a r i a n t  r e l a t i o n .
P r o o f . By 2 .2 0 ,  MIR(S) = y  ( x ,y ) R  . Suppose  t h a t
x,yeX
MIR(S) c  A . Then f o r  x , y  e X and  r  € R , x r  = y r  .
But t h i s  i m p l i e s  t h a t  ( x ,x ) R  = ( y ,y ) R  o r  t h e r e  i s  o n l y  one
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m in im a l  i n v a r i a n t  r e l a t i o n .  □
I n  t h e  f o l l o w i n g  P r o p o s i t i o n s  2 . 2 2  -  2 . 2 8 ,  we assume 
X = S a n a  t h e  a c t i o n  i s  r i g h t  m u l t i p l i c a t i o n .
P r o p o s i t i o n  2 . 2 2 .  S i s  r i g h t  t r i v i a l  i f  a n a  o n l y  i f  e v e r y
i n v a r i a n t  r e l a t i o n  on S _is r e f l e x i v e .
P r o o f . I f  S i s  r i g h t  t r i v i a l ,  R i s  an i n v a r i a n t  r e l a ­
t i o n  on S , an a  ( a , b )  e R , t h e n  A = ( a , b ) S  c  R .
Hence R i s  r e f l e x i v e .
I f  e v e r y  i n v a r i a n t  r e l a t i o n  on S i s  r e f l e x i v e ,  t h e n  
A c  ( a , b ) S  f o r  e ac h  a , b  e S . Thus i f  a , b , t  e S t h e r e  
i s  s e S so t h a t  t  = a s  = b s  . U s in g  t h i s  we s e e  t h a t  
E (S)  = S . L e t  t  e S . T h e re  i s  x e S so  t h a t  t  = t x
an a  an e le m e n t  y e S so  t h a t  t y  = x y  = x . Thus
x = t y  = t x y  = t x  = t  a n a  t  = t x  = t t  . We a l s o  n o t e  t h a t
S i s  r i g h t  s i m p l e .  Hence i f  s e S t h e n  Ss n sS i s  a
g r o u p .  S i n c e  S = E (S)  , Ss fl sS = f s )  , an a s i n c e  
sS = S , we have  Ss = fs}  . □
P r o p o s i t i o n  2 . 2 3 .  S _is a, g ro u p  where  e a c h  e le m e n t  h a s
o r a e r  two i f  ana  o n l y  i f  e v e r y  i n v a r i a n t  r e l a t i o n  on S 
i s  s y m m e t r i c .
P r o o f . I f  S i s  a  g ro up  w i t h  e a c h  e le m e n t  o f  o r a e r  two,
t h e n  S i s  a b e l i a n . L e t  R be  an i n v a r i a n t  r e l a t i o n  on
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S and (a, to) e R . Then ( a , b ) a b  = (a  b , b  a )  = ( b , a )  e R . 
Hence R i s  sy m m etr ic  on S .
I f  e v e r y  i n v a r i a n t  r e l a t i o n  on S i s  sy m m et r ic ,  
a / t o  i n  S , t h e n  t h e r e  i s  s e S so  t h a t  a s  = to a n a
ii p
tos = a  . We f i r s t  n o t e  t h a t  s  = s f o r  e ac h  s e S .
P 2I f  s ^  s t h e n  t h e r e  i s  t  e S so  t h a t  s = s t  ana
s 2 = s t  . I t  f o l l o w s  t h a t  s2* = s 2 . Hence E (S)  /  $  .
I f  e e E (S )  t h e n  eS = S ana  e i s  a  l e f t  u n i t  f o r  S .
L e t  a e S . I f  a  ^  e t h e r e  i s  s e S so t h a t  e s  = a
2ana  a s  = e . Hence a  = e s  = s ana  e = a s  = a  . Thus
E(S) = [ e ]  . Wow S i s  r i g h t  s im p le  w i t h  E(S) = ( e )  ana
i s  hen ce  a  g r o u p .  □
P r o p o s i t i o n  2 .2 4  . S ijs r i g h t  t r i v i a l  w i t h  no more t h a n  
two e l e m e n t s  i f  ana  o n l y  i f  e v e r y  i n v a r i a n t  r e l a t i o n  on S 
i s  t r a n s i t i v e .
P r o o f . I f  e v e r y  i n v a r i a n t  r e l a t i o n  on S i s  t r a n s i t i v e  
t h e n  f o r  a  ^  to a n a  to ^  c i n  S ,
R = { ( a , b ) )  U (a , to)S U C ( b , c ) )  U ( b , c ) S  i s  t r a n s i t i v e .
Hence ( a , c )  e R ana  t h e r e  i s  an e le m e n t  s e S so  t h a t
p
( a , c )  = (a , to ) s  o r  ( a , c )  = ( to ,c ) s  . I f  a  ^  a  e S t h e n
p
t h e r e  i s  t  e S so t h a t  ( a , a )  = ( a , a  ) t  o r  ( a , a )  =
p p p
(a  , a ) t  . In  any  c a s e  a  = a  t  = a a t  = a a  = a  . Hence 
a 2 = a a n a  S = E (S)  . I t  f u r t h e r  f o l l o w s  f rom above t h a t  
S i s  r i g h t  s i m p l e .  As i n  2 . 2 2  Ss = ( s )  an a  S i s  r i g h t
t r i v i a l . Now i f  a  0  b a na  b /  c we g e t  s e S so  t h a t  
a  = a s  ana  c = b s  o r  a  = bs ana  c = c s  . In  e i t h e r  
c a s e  a  = s = c . Thus S h a s  a t  most  two p o i n t s .
The c o n v e r s e  i s  i m m e a i a t e . □
The t h r e e  p r e v i o u s  p r o p o s i t i o n s  i n a i c a t e  t h a t  a l l  
m in im a l  i n v a r i a n t  r e l a t i o n s  a r e  e q u i v a l e n c e  r e l a t i o n s  o n l y  
when S i s  t r i v i a l .  However,  MIR i t s e l f ,  i s  som etim es  a  
c o n g r u e n c e .  In  p a r t i c u l a r ,  i f  S i s  c o m p l e t e l y  s i m p le ,
MIR = =£. , a n a  ■£ i s  a  c o n g ru e n c e  on a  c o m p l e t e l y  s im p le  
s e m i g r o u p .
P r o p o s i t i o n  2 . 2 5 .  MIR _is a  s y m m e t r i c , c o m p a t i b l e  r e l a t i o n
P r o o f . I f  ( a , b )  e MIR , i t  f o l l o w s  f rom 2 . 3  t h a t
( b , a )  e MIR . F u r t h e r ,  f o r  s e S , ( a , b ) s  e ( a , b ) S  c: MIR
S in c e  t h e r e  i s  an e e S w i t h  ( a , b ) e  = ( a , b )  , ( s a , s b )  = 
( s a , s b ) e  ana  by  2 . 1 6 ,  ( s a , s b )  e MIR . □
P r o p o s i t i o n  2 . 2 6 .  L e t  R = U{Ra : Ra  i s  a  m in im a l  r i g h t  
i a e a l  o f  S} . Then MIR _is t r a n s i t i v e  i f  ana  o n l y  i f  
w henever  t h e r e  a r e  s , t  e R su ch  t h a t  ( a , b ) s  = ( a , b )  ana  
( b , c ) t  = ( t , c )  f o r  a , b , c  e S , t h e r e  i s  a  q e R such  
t h a t  ( a , c ) q  = ( a , c )  .
P r o o f . I f  MIR /  0 , 2.13A y i e l a s  t h a t  R /  0 . Then
by  t h e  rem ark  f o l l o w i n g  2 . 2 0 ,  ( x , y )  e MIR i f  a na  o n l y  i f
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t h e r e  i s  an e l e m e n t  r  e R su ch  t h a t  ( x , y ) r  = ( x , y )  .
The p r o p o s i t i o n  f o l l o w s  i m m e d i a t e l y .  □
P r o p o s i t i o n  2 . 2 7 .  The t r a n s i t i v e  c l o s u r e  o f  MIR U A i s  
a  c o n g r u e n c e .
P r o o f .  T h i s  f o l l o w s  f rom  2 . 2 5  and 1 . 1 .  □
P r o p o s i t i o n  2 . 2 8 .  I f  MIR _is a  c o n g ru e n c e  on S , t h e n  
S/MIR h a s  r i g h t  t r i v i a l  m u l t i p l i c a t i o n .
P r o o f . S i n c e  A c  MIR , S i s  t h e  u n io n  o f  m in im a l  r i g h t  
i d e a l s .  Then f o r  a , b  e S , t h e r e  i s  a  r  e S such  t h a t  
b r  = b and c o n s e q u e n t l y  a b r  = ab . A ga in ,  t h i s  means t h a t  
( a b , b )  e MIR o r  t h a t  S/MIR h a s  r i g h t  t r i v i a l  m u l t i p l i c a ­
t i o n  . □
We now r e t u r n  t o  t h e  c a s e  o f  a  sem ig ro up  S a c t i n g  on 
a  s e t  X and show t h a t  i f  S h a s  a  m in im a l  l e f t  i d e a l  and  
t h e  a c t i o n  i s  e f f e c t i v e ,  t h e n  MIR = X x X i f  and  o n l y  i f  
S i s  a  g r o u p .  T h i s  g e n e r a l i z e s  3*12 o f  [ 7 ] •
P r o p o s i t i o n  2 . 2 9 .  I £  S _is a  g ro u p  t h e n  MIR = X x X .
P r o o f . We u s e  2 .1 0 B .  I f  ( a , b )  e X x X , s e S and  e i s  
t h e  i d e n t i t y  o f  S , t h e n  ( a , b )  = ( a , b ) e  = ( a , b ) s s ” '1' . 
( R e c a l l  t h a t  we r e q u i r e d  a  sem ig ro u p  i d e n t i t y  t o  a c t  l i k e  
an i d e n t i t y  f u n c t i o n . )  Hence ( a , b )  e MIR . □
D e f i n i t i o n  2 . 3 0 .  An e le m e n t  s e S i s  i n j e c t i v e  i f
x s  = ys  i m p l i e s  x = y .
P r o p o s i t i o n  2 .3 1 . I f  S a c t s  e f f e c t i v e l y  on X a n a  
MIR = X x X t h e n  e v e r y  e le m e n t  o f  S ijs i n j e c t i v e  ana  
S _is r i g h t  c a n c e l l a t i v e .
P r o o f . L e t  s e S ana  assume t h a t  x s  = ys  f o r  x , y  e X .
Now ( x , y )  e MIR a n a  hen ce  by 2 .10B t h e r e  i s  t* e S so
f  f t
t h a t  ( x , y ) s t  = ( x , y )  , i . e . ,  x = x s t  = y s t  = y . Now
s u p p o se  t h a t  t s  = t ' s  f o r  t , t *  , s e S . Hence f o r  e a c h
x e X , ( x t ) s  = x ( t s )  = x ( t ' s )  = ( x t ' ) s  . Now s i s  i n -
t
j e c t i v e  a n a  t h u s  x t  = x t  f o r  e ac h  x e X . The e f f e c t -
1
i v e n e s s  o f  t h e  a c t i o n  now g i v e s  t  = t  . □
P r o p o s i t i o n  2 . 3 2 .  I f  S a c t s  e f f e c t i v e l y  on X , MIR =
X x X , a na  e € E (S)  t h e n  xe = x f o r  e a c h  x e X a n a
e _is a  tw o- s i a e a  i a e n t i t y  f o r  S .
P r o o f . F o r  x e X , ( x e ) e  = x ( e e )  = xe . From above
xe = x . Then f o r  a l l  s e S ana  x e X , x s e  = x s  = x e s
t h u s  se  = s = e s i n c e  t h e  a c t i o n  i s  e f f e c t i v e .  □
P r o p o s i t i o n  2 . 3 3 . I f  S a c t s  e f f e c t i v e l y  on X a n a
MIR = X x X , t h e n
( i )  S _is a  monoiq i f  a n a  o n ly  i f  a  e Sa f o r  some 
a  e S ana  t h e n  i f  G i s  t h e  g roup  o f  u n i t s  o f  S , aLh
i f  and  o n ly  i f  b e Ga .
( i i )  S _is a  g ro u p  a c t i n g  on X a £  a  g roup  o f  p e r ­
m u t a t i o n s  i f  a n a  o n l y  i f  S h as  a  m in im a l  l e f t  i d e a l .
P r o o f . I f  a  e Sa f o r  some a e S , t h e n  a  = t a  , t  e S
Thus f o r  a l l  x  e X , ( x , x t ) a  e A so  t h a t  t h e  m in im a l  i n ­
v a r i a n t  r e l a t i o n  c o n t a i n i n g  ( x , x t )  , ( x , x t ) S  c  A . But
i
t h e n  ( x , x t )  e A , g i v i n g  x = x t  f o r  a l l  x e X . S in c e
2t h e  a c t i o n  i s  e f f e c t i v e  t  = t  and  t  i s  a  t w o - s i d e d
i d e n t i t y  f o r  S b y  P r o p o s i t i o n  2 . 3 2 .  Then i f  G i s  t h e
g ro up  o f  u n i t s  o f  S and aLb , a  = sb and b = t a  f o r  
some s , t  e S . So a  = s t a  and  b = t s b  , b u t  t h e  above 
a rgu m e n t  shows t h a t  s t  = 1 = t s  where  1 i s  t h e  i d e n t i t y  
f o r  S . b e Ga a lw ay s  i m p l i e s  aLb .
I f  L c  s i s  a  m in im a l  l e f t  i d e a l  o f  S , t h e n  
L = La f o r  a ny  a  e L . Thus t h e r e  i s  an & e L such  
t h a t  a  = i a  , and  a g a i n  i  i s  a  two s i d e d  i d e n t i t y  f o r
S . Thus S = L i s  a  l e f t  s im p le  monoid,  and t h e r e f o r e  a
c o m p l e t e l y  s i m p le  sem ig roup  w i t h  e x a c t l y  one i d e m p o t e n t ,  
i . e . ,  a  g r o u p .  □
CHAPTER I I I  
MIR SEMIGROUPS
Here., a n a  i n  t h e  r e m a in i n g  c h a p t e r s , we r e s t r i c t  X 
t o  S a n a  l e t  S a c t  on S h y  m u l t i p l i c a t i o n  on t h e  
r i g h t .  We s h a l l  f r e q u e n t l y  assume t h a t  t h i s  a c t i o n  i s  
e f f e c t i v e ,  i . e . ,  t s ^  = t s 2 f o r  e a c h  t  e S i m p l i e s
= s 2 . Note th a t  t h i s  i s  j u s t  s a y in g  t h a t  S i s  l e f t
r e a u c t iv e  [ 2 ,  p .  9]* I t  i s  then th e  ca se  t h a t  S x S i s
th e  union o f  m inim al in v a r ia n t  r e l a t i o n s  ana S has an 
iaem p oten t i f  ana o n ly  i f  S i s  a group . I f  S a o e s  n o t  
have an iaem p oten t ana S x S i s  th e  union o f  m inim al 
in v a r ia n t  r e l a t i o n s  th en  we w i l l  c a l l  S an MIR sem i­
group. To he more p r e c i s e  we g iv e  th e  f o l lo w in g  a e f i n i -  
t i o n  ana r e s u l t s .
D e f i n i t i o n  3*1* A semigroup S i s  c a l l e a  an MIR-sem i-  
group i f  (1) E (S ) = 0 i (2) S i s  th e  union o f  i t s  m inim al
r ig h t  i a e a l s ;  (3 ) any two e lem en ts  o f  S have a common
r ig h t  i a e n t i t y .
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We w i l l  a b b r e v i a t e  (2)  above  a s  S i s  UMRI and 
(3)  above a s  S h a s  CRIDS .
P r o p o s i t i o n  3 . 2 .  L e t  S a c t  on i t s e l f  b y  m u l t i p l i c a t i o n
on t h e  r i g h t . Then S X S i s  t h e  u n io n  o f  m in im a l  i n ­
v a r i a n t  r e l a t i o n s  i f  and o n l y  i f  S _is UMRI and  S h a s  
CRIDS.
P r o o f . I f  S x S i s  t h e  u n io n  o f  m in im a l  i n v a r i a n t  r e l a ­
t i o n s  t h e n  f o r  a  € S we hav e  ( a , a )  e ( a , a ) S  which i s  t h e
m in im a l  i n v a r i a n t  r e l a t i o n  c o n t a i n i n g  ( a , a )  . Hence
a  e aS and aS i s  a  m in im a l  r i g h t  i d e a l .  I f  a , b  e S
t h e n  ( a , b )  e ( a , b ) S  which  i s  t h e  m in im a l  i n v a r i a n t  r e l a ­
t i o n  c o n t a i n i n g  ( a , b )  . Hence a  and b have  a  common
r i g h t  i d e n t i t y .
C o n v e r s e l y ,  i f  ( a , b )  e S x S t h e n  a  and b have  
a  common r i g h t  i d e n t i t y  i n  a  m in im a l  r i g h t  i d e a l  R . Con­
s e q u e n t l y  ( a , b )  e ( a , b ) R  and ( a , b ) R  i s  a m in im al  i n v a r i a n t  
r e l a t i o n .  □
P r o p o s i t io n  3 - 3 • J[f a semigroup S _is UMRI and has CRIDS 
then  S is_ r ig h t  c a n c e l l a t i v e .
P r o o f .  Suppose  f o r  some x , y , s  e S t h a t  x s  = ys  . Now
t h e r e  i s  a m in im a l  r i g h t  i d e a l  R so  t h a t  s e R . S in c e
x ana  y have  a  common r i g h t  i d e n t i t y  i n  some m in im a l  r i g h t  
i d e a l  t h e y  have one i n  R , c a l l  i t  z . C o n s e q u e n t ly ,
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z e sR = R and th e r e  i s  r  e R w ith  z = s r  . Hence
x = xz = x s r  = y s r  = yz = y . □
P r o p o s i t io n  3 • L et S be_ a sem igrou p . I f  S _is UMRI ,
has CRIDS , a net E (S) 0 0  then S is, l e f t  s im p le  and
hence a l e f t  g r o u p .
P r o o f . Let x , y  e S . There i s  a m inim al l e f t  i d e a l  L 
and z e L so  t h a t  xz = x and yz = y  . C on sequ en tly ,
x  = xz e xL c  L and y  = yz  e yL c  L . Hence S = L .
Thus S i s  l e f t  s im p le  and (by 3 - 3 )  r ig h t  c a n c e l l a t i v e ,
i . e . ,  a l e f t  group [ 2 ,  p .  371-
P r o p o s i t io n  3*5* [ 7 ]  L et S be a sem igrou p . I f  S i s
UMRI , has CRIDS , is, l e f t  r e d u c t i v e , and E(S)  0 0 , 
then S i s  a group.
P r o o f . By 3-^,  S i s  l e f t  s im p le .  I f  e , f  e E(S) then
e and f  are  both  r ig h t  i d e n t i t i e s  f o r  S and h en ce , by
l e f t  r e d i c t i v i t y ,  e q u a l .  Then E(S)  = ( e )  and S i s  a 
gro u p . □
Remark. Let S be l e f t  r e d u c t iv e  w ith  MIR = S x S . I f  
e i t h e r  (1 )  t h e r e  i s  s e S w ith  s e Ss , (2 ) th e  c e n te r  o f  
S i s  nonempty, or  (3) S i s  l e f t  c a n c e l l a t i v e ,  then S i s  
a group. To se e  t h i s  one need o n ly  o b s e r v e ,  u s in g  th e  f a c t  
t h a t  S i s  r ig h t  c a n c e l l a t i v e ,  t h a t  E(S)  0 0  .
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R em ark . In  v iew o f  3*2 t h r o u g h  3*5* we n o t e  t h a t  s e m ig ro u p s  
S w i t h  S x S b e i n g  t h e  u n io n  o f  m in im a l  r i g h t  c o m p a t i b l e  
r e l a t i o n s  d i v i d e  i n t o  two c l a s s e s :  L e f t  g ro u p s  i f  E(S) 0 0
and M IR -sem igroups  i f  E (S )  = 0
D e f i n i t i o n  3 - 6 . L et p and q be i n f i n i t e  c a r d in a l  numbers 
w ith  q < p . A sem igroup S i s  a Baer- L e v i  semigroup o f  
ty p e  ( p , q )  on a s e t  A i f  card (A.) = p and S i s  th e  
semigroup o f  o n e - to -o n e  mappings a o f  A. i n t o  A h av in g  
th e  p r o p e r ty  th a t  card(A \A a) = q .
B a er -L ev i sem igroups a re  d i s c u s s e d  in  [1 ]  and [ 3 ] •  We 
n o te  t h a t  th e  o p e r a t io n  in  a B a er-L ev i  sem igroup S i s  com­
p o s i t i o n ,  i . e . ,  i f  a , (3 e S then  a{3 i s  d e f in e d  by  
(x)a@ = (xa){3 • As n o te d  in  [3 ]  a B a er -L ev i  semigroup i s  
r ig h t  c a n c e l l a t i v e ,  r ig h t  s im p le ,  and w ith o u t  id e m p o te n ts . 
F u r th e r ,  a semigroup T can be embedded in  a B a er-L ev i sem i­
group o f  typ e  (p*p) i f  and o n ly  i f  T i s  r ig h t  c a n c e l l a t i v e  
and E(T) = 0 [3 ]  .
Hence we g e t  t h e  f o l l o w i n g .
P r o p o s i t i o n  3 *7 • I f  S _is an MIR s e m ig r o u p , t h e n  S can 
be  embedded i n  a, B a e r - L e v i  s e m i g r o u p .
I t  i s  e a s y  t o  f i n d  a  su b s e m ig ro u p  o f  a  B a e r - L e v i  se m i­
g roup  S t h a t  does  n o t  have  MIR = S x S , e . g . ,  S i t s e l f .  
One way t o  o b s e r v e  t h i s  i s  t o  n o t e  t h a t  t h e r e  i s  a  p a i r  o f
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e l e m e n t s  o f  S w h ich  do n o t  have  a  common r i g h t  i d e n t i t y .
More g e n e r a l l y ,  t h e  C r o i s o t - T e i s s i e r  g e n e r a l i z a t i o n  o f  t h e  
B a e r - L e v i  se m ig ro u p s  [ 3 ,  p .  8 9 ] a l s o  f a i l  t o  have  MIR =
S x S . However, a s  t h e  f o l l o w i n g  example  shows,  e v e r y
B a e r - L e v i  sem ig roup  i s  t h e  u n i o n  o f  l e f t  r e d u c t i v e  su b sem i-  
g ro u p s  T w i t h  MIR = T X T .
Example  3 . 8 . L e t  S he  a  B a e r - L e v i  se m ig ro u p  o f  t y p e  ( p , q )
on a  s e t  A . L e t  s e S . S i n c e  c a r d ( A \A s )  = q and q
i s  an i n f i n i t e  c a r d in a l  number, we can w r i t e  A\As as th e
d i s j o i n t  u n io n  o f  c o u n t  a b l y  many s u b s e t s ,  A^, A2 , ' * * * w i t h
c a rd (A ^ )  = q f o r  e a c h  i  = 1 , 2 , 3 , • • •  • S e t  Aq = As and
n
T = {t  e S :A t  cz U A« f o r  some n )  . I t  i s  e a s i l y  v e r i f i e d  
”  k =0 K
t h a t  T i s  a  l e f t  r e d u c t i v e  su b s e m ig ro u p  o f  S . To s e e  t h a t  
MIR = T x T we u s e  3 - 2 .  I f  a , b  e T , d e f i n e  s t o  be  t h e  
i d e n t i t y  on Aa U Ab , and c h o o s i n g  Afc so  t h a t
n (Aa U Ab) = 0  l e t  (A\(Aa y Ab)s c  A^ . Then a s  = a  
and bs = b .
Now l e t  q , t  e T . Then t h e r e  i s  a  f u n c t i o n  f  = q” ^ t  
on t h e  r a n g e  o f  q which  maps A\As i n t o  some A^ which  
d o e s  n o t  i n t e r s e c t  At . T h e r e f o r e  q f  = t  and T i s  r i g h t  
s i m p l e .  So T i s  a  l e f t  r e d u c t i v e  MIR se m ig r o u p .
I n  view o f  t h e  above t h e r e  a r e  num erous  l e f t  r e d u c t i v e  
s e m ig ro u p s  o f  a  B a e r - L e v i  s e m ig r o u p .  F o r  sa k e  o f  b r e v i t y ,  we 
w i l l  r e f e r  t o  su ch  a  su b sem ig ro u p  a s  one o f  t y p e  R .
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R e c a l l  t h a t  2 .10A gave two e q u a t i o n a l  c o n d i t i o n s  t h a t  
a r e  s u f f i c i e n t  f o r  a  l e f t  r e d u c t i v e  se m ig ro u p  T t o  have  
MIR = T x T . The f i r s t  o f  t h e s e  i s  t h e  e x i s t e n c e  o f  a  
common r i g h t  i d e n t i t y  f o r  e a c h  p a i r  o f  e l e m e n t s  o f  T , and 
t h e  se con d  i s  a  common s o l u t i o n  f o r  a s x  = a t  and  b s x  = b t  
f o r  a r b i t r a r y  a , s , t , b  e T . T h i s  s e c o n d  c o n d i t i o n  i s  c l o s e l y  
r e l a t e d  t o  r i g h t  s i m p l i c i t y  f o r  a  su b s e m ig ro u p  o f  a  B a e r -  
L e v i  s e m ig ro u p .  I t  i s  c o n j e c t u r e d  t h a t  a  su b sem ig ro u p  o f  
t y p e  R n e ed  n o t  be r i g h t  s im p le  b u t  we h a v e  b e en  u n a b le  t o  
v e r i f y  t h i s .
Q u e s t io n  3*9* I s  a  t y p e  R s u b s e m ig r o u p s  o f  a  B a e r - L e v i  
sem ig rou p  r i g h t  s im p le ?
Example 3«10» I t  i s  e a s y  t o  s o n c t r u c t  a  l e f t - r e d u c t i v e  su b ­
sem ig roup  o f  a  B a e r - L e v i  sem ig ro up  t h a t  h a s  CRIDS and i s  
n o t  r i g h t  s i m p l e .  In  f a c t ,  t h e r e  i s  a  s u b s e m ig ro u p  o f  t h e  
sem ig ro up  T o f  Example 3 - 8  w i t h  t h e s e  p r o p e r t i e s .  F o r  
e a c h  p o s i t i v e  i n t e g e r  i  , s e t  ( x ) a .  = x f o r  e a c h
i  i  .
x e U Ak and l e t  (X\ U A^)a  c  Ak+1 . Then l e t  T be 
k = l  k = l
t h e  su bsem ig ro u p  g e n e r a t e d  b y  • T* i s  n o t  r i g h t
t
s im p le  s i n c e  t h e r e  i s  n o t  t  e T su ch  t h a t  a ^ t  = a^  .
Example 3 » H *  A lso  one can f i n d  a  l e f t  r e d u c t i v e  su b s e m i ­
g ro u p  o f  a  B a e r - L e v i  sem ig roup  S t h a t  i s  UMRI and n o t  
r i g h t  s i m p l e .  I t  f a i l s  t o  have  CRIDS . L e t  A = A-^  U Ag
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w i t h  A1 n A2 = 0  a n a  \ |  = ]Aa | = |A.| , a na  l e t  P1
ana  Pg be  c o u n t a b l y  i n f i n i t e  p a r t i t i o n s  o f  A^ a n a  Ag
r e s p e c t i v e l y  i n t o  s e t s  o f  t h e  same c a r d i n a l i t y  a s  A. . Then 
|
a e f i n e  S t o  be t h e  c o l l e c t i o n  o f  a l l  e l e m e n t s  o f  S 
whose r a n g e  i s  c o n t a i n e a  e i t h e r  i n  A-^  o r  A.p a n a  i n  a  
f i n i t e  u n io n  o f  p a r t i t i o n  e l e m e n t s  o f  t h e  c o r r e s p o n a i n g  
p a r t i t i o n .
Example 3 * 12 .  F i n a l l y ,  we g i v e  an exam ple  o f  a  sem ig rou p
w hich  h a s  CRIDS , i s  UMRI , a n a  i s  i a e m p o t e n t - f r e e  b u t
i s  n o t  r i g h t  s i m p l e .  L e t  A. be any  i n f i n i t e  s e t ,  a , b  e A ,
an a  l e t  P = be  a  p a r t i t i o n  o f  A \{ a )  where
| A . |  |A | . L e t  R^ = ( f  : f  i s  a  o n e - t o - o n e  f u n c t i o n  on
n
A an a  Af c  U A. f o r  some n )  ana  Rp = {f  l f  i s  one -
• JLi = l  n
t o - o n e  on A \{ a ,b }  , a f  = b f  an a  Af c  U A_. f o r  some n )  .
i = l  1
In  R = R^ U Rg , R^ a na  Rg a r e  m in im a l  r i g h t  i a e a l s  o f
R a n a  i t  i s  e a s i l y  v e r i f i e a  t h a t  R h a s  CRIDS . R f a i l s
t o  be  l e f t  r e a u c t i v e  s i n c e  t h e r e  a r e  f u n c t i o n s  x , y  e R 
such  t h a t  sx = sy  f o r  e ac h  s e R b u t  ( a ) x  ^  ( a ) y  . Now 
R i s  a  su b sem ig ro u p  o f  a  C r o i s s o t - T e s s i e r  s e m ig ro up  [ 3 ,  8 . 2 ] ,  
b u t  i s  r i g h t  c a n c e l l a t i v e  by  3 *3 * an a  can t h e r e f o r e  be em- 
b e a a e a  i n  a  B a e r - L e v i  s e m ig r o u p .
In  t h e  o t h e r  a i r e c t i o n  we g i v e  t h e  f o l l o w i n g  r e s u l t s .
P r o p o s i t i o n  3 . 1 3 .  L e t  S be  a  B a e r - L e v i  se m ig rou p  on a  s e t
28
A a n a  l e t  T be  a su b sem ig ro u p  o f  S which  I s  m axim al  w i t h  
r e s p e c t  t o  h a v i n g  a common r i g h t  i d e n t i t y  f o r  e a c h  p a i r  o f  
e l e m e n t s . Then T ijs r i g h t  s i m p l e .
P r o o f . F i r s t  we n o t e  t h a t  i f  f  e T and g e S w i t h
Ag c  Af t h e n  g e T . To se e  t h i s  l e t  T* be  t h e  su b sem i­
group  o f  S g e n e r a t e d  b y  T U (g )  • S i n c e  e a c h  p a i r  o f  e l e ­
m en ts  o f  T h a s  a  common r i g h t  i d e n t i t y  t h e n  so  d oes  e ac h
p a i r  o f  e l e m e n t s  o f  T U (g )  . Hence T* h a s  t h i s  p r o p e r t y
>
a n d ,  by  m a x i m a l i t y ,  T = T . To s e e  t h a t  T i s  r i g h t  s i m p l e ,
we n e e d  t o  show t h a t  f o r  e a c h  s , t  e T t h e r e  i s  an e le m e n t
f  e T so  t h a t  f  r e s t r i c t e d  t o  As i s  s""^t r e s t r i c t e d  t o  
As . I t  i s  c l e a r  t h a t  one can f i n d  f  e S so  t h a t  t h e  r e ­
s t r i c t i o n  o f  f  t o  As i s  t h e  same a s  s “ ^ t  r e s t r i c t e d  t o
As and Af c  At . By t h e  f i r s t  p a r t  o f  t h e  p r o o f  f  e T .
Thus T i s  r i g h t  s i m p l e .
P r o p o s i t i o n  3 . 1 ^ -  L e t  S t e a s  i n  3 •1 3  and T a  su b s e m ig ro u p  
o f  S which  i s  maximal  w i t h  r e s p e c t  t o  MIR = T x T . Then 
T is_ r i g h t  s i m p l e .
P r o o f . Again  we n e ed  t o  e x t e n d  s “ ^ t  r e s t r i c t e d  t o  As f o r
e a c h  s , t  e T . As i n  t h e  p r o o f  o f  3*13* l e t  g e S w i t h
g an e x t e n s i o n  o f  s ~ ^ t  and  Ag c. At . L e t
i , . t
T = [ f  e S :A f  c  Ah f o r  some h e TJ . Now T i s  a  su b ­
se m ig rou p  o f  S w i t h  MIR = T x T* • N o t in g  t h a t  g e T*
i i
and  T c  T we s e e  t h a t  T = T and g e T .
CHAPTER IV 
BOUNDED BAER-LEVI SEMIGROUPS
We w i l l  r e v i e w  t h e  d e f i n i t i o n  and p r o p e r t i e s  o f  B a e r -  
L e v i  s e m ig ro u p s  w i t h  p = q .
L e t  X be a  s e t  w i t h  i n f i n i t e  c a r d i n a l  number,  i . e . ,
|X | = q where  q i s  an i n f i n i t e  c a r d i n a l  num ber .  The 
B a e r - L e v i  se m ig ro u p  ( o f  t y p e  ( q ,q )  i n  [3* S e c .  8 . 1 ] )  on 
X , n o t e d  h e r e  b y  BL(X) , i s  t h e  su b sem ig ro u p  o f  t h e  f u l l  
t r a n s f o r m a t i o n  se m ig ro u p  on X c o n s i s t i n g  o f  o n e - t o - o n e  
f u n c t i o n s  a :X -» X so  t h a t  |x \X aJ  = q . I t  i s  known,
[3> Th.  8 . 2 ]  o r  [ 1 ] ,  t h a t  BL(X) i s  a  r i g h t  c a n c e l l a t i v e ,  
r i g h t  s i m p le  se m ig rou p  w i t h o u t  i d e m p o t e n t s .  (We p o i n t  o u t  
t h a t  h e r e  f u n c t i o n s  a r e  composed l e f t  t o  r i g h t . )  I n  f a c t ,  
t h e  B a e r - L e v i  se m ig ro u p s  c o n t a i n  a s  su b s e m ig ro u p s  any  r i g h t  
c a n c e l l a t i v e ,  i d e m p o t e n t - f r e e  sem ig ro up  [3* Th. 8 . 8 ] .  Con­
s i d e r a b l e  i n f o r m a t i o n  a b o u t  t h e  l a t t i c e  o f  c o n g ru e n c e s  on 
a  B a e r - L e v i  se m ig ro u p  h a s  b een  o b t a i n e d  by  E.  G. S u to v  [9 ]  
and  B. W. M i e lk e ,  [ 4 ] ,  [ 3 ]  and [ 6 ] .
Here  we w i l l  be i n t e r e s t e d  i n  c e r t a i n  su b s e m ig ro u p s
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o f  BL(X) . L e t  3! b e  a  nonem pty  s e t  o f  s u b s e t s  o f  X
s a t i s f y i n g
(B l)  For each F e 3 , jF| = 9 j
(B2) For each p a ir  F2.-,F 2 e ® th e r e  i s  F e 3 so  
th a t  F1 U Fg c  F and JfXF-^  U Fgj = q .
Such a c o l l e c t i o n  w i l l  be  c a l l e d  a  b o u n d in g  c o l l e c t i o n f o r  
X . We d e f i n e  t h e  bounded  B a e r - L e v i  se m ig ro u p  on X w i t h  
r e s p e c t  t o  $ , n o t e d  BBL(X,sQ * t o  be  t h e  su bsem ig ro u p  
o f  BL(X) c o n s i s t i n g  o f  f u n c t i o n s  a :X  *♦ X so t h a t  t h e r e  
i s  F e 3 w i t h  Xa c  F . A s e t  A c  X w i l l  be  d e s i g n a t e d
bounded i f  t h e r e  i s  F e 3f w i t h  A c  F . A f u n c t i o n  w i l l  be
bounded  i f  i t s  r a n g e  i s  b o u n d e d .  I f  t h e  3 i s  n o t  c l e a r ,
we w i l l  s a y  bounded  w i t h  r e s p e c t  t o  3  . Note t h a t  bounded  
B a e r - L e v i  s e m ig ro u p s  a r e  a  g e n e r a l i z a t i o n  o f  Example 3*8 .
P r o p o s i t i o n  4 . 1 .  L e t  S = BBL(X,3i) be a  bounded  B a e r - L e v i  
s e m i g r o u p . Then S _is ( a )  r i g h t  c a n c e l l a t i v e , (b)  i d e m p o t e n t -
f r e e ,  and  ( c )  r i g h t  s i m p l e , and (d)  S h a s  common r i g h t  
i d e n t i t i e s  ( CRIDS) .
P r o o f . S t a t e m e n t s  ( a )  and  (b)  f o l l o w  b e c a u s e  S i s  a  s u b ­
sem ig rou p  o f  BL(X) , and  (c )  and (d)  a r e  r o u t i n e  c o n s e ­
q u e n ce s  o f  c o n d i t i o n s  (B l)  and (B2) on 3 • □
P r o p o s i t i o n  4 . 2 .  A sub sem ig ro u p  T _of BL(X) i s  l e f t  r e ­
d u c t i v e  p r o v i d e d  u [ X a :a  e T) = X .
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P r o o f . L e t  a*b e T and t a  = t b  f o r  e a c h  t  e T . I f
x e X l e t  t  e T so  t h a t  t h e r e  i s  y  e X w i t h  y t  = x .
Then x a  = y t a  = y t b  = xb . C o n se q u e n t ly *  b = a  . □
P r o p o s i t i o n  4 . 3 •  The se m ig ro u p  BBL(X*3) i s  l e f t  r e d u c t i v e  
i f  and o n l y  i f  UfF :F  e 3} = X .
P r o o f . I f  u ( F : F  e /  X t h e r e  i s  x Q e X so t h a t  x Q 
i s  n o t  i n  t h e  r a n g e  o f  a n y  z e BBL(X*3) . D e f in e  a*b e BBL(X*g) 
so  t h a t  x a  = xb i f  x  /  x Q and  XQa ^  XQb . Now t a  = t b  
f o r  e ac h  t  e BBL(X*3Q b u t  b ^  a  . The r e v e r s e  i m p l i c a t i o n  
f o l l o w s  f rom  4 . 2 .  □
P r o p o s i t i o n  4 .4 . I f  S is .  an MIR-se m ig ro u p  t h e n  i t  i s  i s o ­
m orph ic  t o  a  su b s e m ig ro u p  o f  a  bounded  B a e r - L e v i  s e m i g r o u p .
P r o o f . By 3*3* S i s  r i g h t  c a n c e l l a t i v e .  I t  i s  known 
[3,  Th. 8 . 8 ] t h a t  t h e r e  i s  a  s e t  X * |X\ = | s j  * w i t h  S 
embedded i n  BL(X) . C o n s i d e r  S a s  a  su b sem ig ro u p  o f  
BL(X) and l e t  3> = {Xa:a  e S) . Now f o r  e a c h  F e 3  ,
| F |  = |X |  * and i f  F1 *F2 e 3 l e t  Xa = and Xb = Fg .
I f  c i s  a  common r i g h t  i d e n t i t y  f o r  a  and  b t h e n  c
i s  t h e  i d e n t i t y  f u n c t i o n  when r e s t r i c t e d  t o  F^ U Fg .
S in c e  Xc = F e 3 we m ust  have  |F \F ^  U F g \ = |X \ . Con­
s e q u e n t l y  3f i s  a  b o u n d in g  c o l l e c t i o n .  Now b y  d e s i g n
S c  BBL(X* 3) . □
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The f o l l o w i n g  r e s u l t  c h a r a c t e r i z e s  t h e  l e f t  i d e a l s  o f
BBL(X,3) • L e t  u s  w r i t e  S = BBL(X,3) . I t  a , b  e S ,
- 1  - 1t h e n  s a y i n g  h a  e S means t h a t  Xb c  Xa and Xba i s
a bounded  s e t .  The f u n c t i o n a l  v a l u e  ( x ) b a _1 i s  t h e  ob­
v i o u s  o n e .
A nonempty  s u b s e t  A o f  S i s  s a i d  t o  have  (*)  i f  
a  e A , s e S , and s a " 1 e S i m p l i e s  s e A .
P r o p o s i t i o n  4 . 5 .  A nonempty  s u b s e t  L o f  S = BBL(X,3) 
i s  a  l e f t  i d e a l  o f  S i f  and o n l y  i f  L h a s  (*)  .
P r o o f . I f  L i s  a  l e f t  i d e a l  c h o ose  a  € L , s e S so
t h a t  s a ” 1 e S . Then ( s a - 1 ) a  = s i s  i n  L . C o n s e q u e n t l y ,
L h a s  (*)  .
C o n v e r s e l y ,  assume t h a t  L i s  a  s u b s e t  o f  S and L 
h a s  (*)  . L e t  a e L and t  e S . We show t a  € L , i . e . ,
L i s  a  l e f t  i d e a l  o f  S . Choose F-  ^ e 3 so t h a t  Xt c  .
Choose Fg € 3 so t h a t  jFgXF^ | = | x j  . L e t  z be  a  on e -
t o - o n e  m apping  o f  X o n to  Fga w i t h  F^z = X ta  . Now
— 1 —1z e S and  s i n c e  Xza = Fg we h a v e  za  e S . By ( * ) ,
z e L . S i n c e  X t a z -1  = F^ we have  t a z " 1 e S . C o n s e q u e n t l y ,
b y  (*) , t a  e L . □
L e t  3 and & be b o u n d in g  c o l l e c t i o n s  f o r  X . C l e a r l y ,  i f
3 c i  , t h e n  BBL(X,3) c  B B L ; i n  f a c t ,  i f  f o r  F e 3
t h e r e  i s  G € & so t h a t  F e  G , t h e n  BBL(X,3) c  BBL(X,J<) .
I f ,  i n  a d d i t i o n ,  f o r  e a c h  G e , t h e r e  i s  an F e a? 
such  t h a t  G c  F , t h e  two h o u n d in g  c o l l e c t i o n s  3 and 
Ji d e t e r m i n e  t h e  same hounded B a e r - L e v i  se m ig ro u p  and 
w i l l  he  c a l l e d  i n t e r l a c e d .
Rem ark . Among a l l  h o u n d in g  c o l l e c t i o n s  i n t e r l a c e d  w i t h  
3 , t h e r e  e x i s t s  a g r e a t e s t  one 3? which  i s  t h e  s e t  o f  
r a n g e s  o f  e l e m e n t s  o f  BBL(X,3) • A h o u n d in g  c o l l e c t i o n  3? 
i s  g r e a t e s t  ( i . e . ,  3 = 3 ) i f  and  o n l y  i f  i t  h a s  t h e  p r o ­
p e r t y  : i f  F e 3 and Y c  F w i t h  |Y | = |F\Y{ , t h e n  Y e 3
A o n e - t o - o n e  f u n c t i o n  $ f rom  X o n t o  X , i . e . ,  a
p e r m u t a t i o n  o f  X , i n d u c e s  an i so m o rp h is m  t :B L (X )  ■> BL(X)
A n
g i v e n  hy  a$ = $ a§ . Now i f  3 i s  a  h o u n d in g  c o l l e c t i o n  
f o r  X th e n  3§ = (F $ :F  e 3 )  i s  a  b o u n d in g  c o l l e c t i o n  f o r  
X and BBL(X,3 )$  = BBL(X,3$) , i . e . ,  t h e  c o n j u g a t e  hy  p e r ­
m u t a t i o n s  o f  hounded  B a e r - L e v i  s e m ig ro u p s  a r e  bounded  B a e r -  
L e v i  s e m ig r o u p s .  W hether  o r  n o t  e v e r y  p a i r  o f  i s o m o r p h ic  
bounded  B a e r - L e v i  su h s e m ig ro u p s  o f  BL(X) a r e  c o n j u g a t e s  i s  
unknown t o  t h e  a u t h o r s . A r e l a t e d  p ro b le m  i s  w h e t h e r  o r  n o t  
e v e r y  a u to m orp h ism  o f  BL(X) i s  i n n e r ,  i . e . ,  i n d u c e d  h y  a 
p e m u t a t i o n  o f  X . We g i v e  be low two n o n - i s o m o r p h i c  hounded 
B a e r - L e v i  su h s e m ig ro u p s  o f  BL(X) where  X i s  a  c o u n t a b l e  
s e t .
Example 4 . 6 .  L e t  X he  t h e  s e t  { (m ,n)  : m and n a r e
34
p o s i t i v e  i n t e g e r s }  . L e t  3 b e  any  c o u n t a b l e  t o w e r  t h a t  
s a t i s f i e s  t h e  c o n d i t i o n s  (B l )  and (B2) o f  a  h o u n d in g  c o l ­
l e c t i o n ,  s a y  3 = {F-^Fg, • • • }  where  F± =  F i + i  f o r  e a c h
i  . Now t h e r e  i s  a  s e q u e n c e ,  e i ’ e2.’ ' ' ’ 3 ° ^  e 3-ement s
BBL(X,3) so  t h a t  e^ i s  t h e  i d e n t i t y  when r e s t r i c t e d  t o  
F^ . C o n s e q u e n t l y  i f  a  € BBL(X,3) t h e r e  i s  an n so  t h a t  
a e n = a  * C l e a r l y  a ny  i s o m o r p h ic  copy  o f  BBL(X,3) c o n t a i n s  
su c h  a  s e q u e n c e .  C o n v e r s e l y ,  i f  BBL(X,J/) i s  a  hounded  su b ­
se m ig ro u p  o f  BL(X) and t h e r e  i s  su ch  a  s e q u e n c e ,  s a y
f 1 , f 2* * * * J l e t  **' = f Gn e ^ ;Xfn c  Gn f o r  n = 1*2 ,3*  * * *} •
i
I t  i s  e a s y  t o  se e  t h a t  A i s  a  h o u n d in g  c o l l e c t i o n  f o r  X ,
and  s i n c e  A c  A , BB L (X ,^ ' )  c  BBL(X,i ')  . I f  a  e BBL(X,J<)
t h e n  t h e r e  i s  n so  t h a t  a f fi = a  and  c o n s e q u e n t l y  
Xa C Gn € ^  ‘ Thus BBL(X,J'*) = BBL(X,if) . In  p a r t i c u l a r ,
i
we have  s e en  t h a t  A c o n t a i n s  a  s u b s e t  w h ich  i s  a  t o w e r
i i i
and  i f  G e & , t h e r e  i s  G e £  so t h a t  G c  G . Now 
l e t  H he t h e  c o l l e c t i o n  o f  s u b s e t s  o f  X t h a t  a r e  f i n i t e  
u n i o n s  o f  g r a p h s  o f  f u n c t i o n s  f rom  t h e  p o s i t i v e  i n t e g e r s  t o  
t h e  p o s i t i v e  i n t e g e r s .  C l e a r l y  % i s  a  h o u n d in g  c o l l e c t i o n  
t h a t  do es  n o t  c o n t a i n  a  t o w e r  a s  a b o v e .  C o n s e q u e n t l y ,
BBL(X,3) and  BBL(X,^) a r e  n o t  i s o m o r p h i c .
CHAPTER V
CONGRUENCES ON BOUNDED BAER-LEVI SEMIGROUPS
I n  t h i s  c h a p t e r ,  t h e  l a t t i c e  o f  c o n g ru e n c e s  on bounded  
B a e r - L e v i  s e m ig ro u p s  i s  d i s c u s s e d .  I f  X i s  an i n f i n i t e  
s e t  and 3 i s  a  b o u n d in g  c o l l e c t i o n  f o r  X , t h e n  we 
w i l l  assume t h a t  u3 = X i f  n o t  o t h e r w i s e  s p e c i f i e d .  The 
f o l l o w i n g  somewhat j u s t i f i e s  t h i s  a s s u m p t i o n .
P r o p o s i t i o n  5 . 1 .  L e t  S = BBL(X,3) w i t h  U3 n o t  n e c e s ­
s a r i l y  a l l  o f  X . L e t  p = { ( a , b )  e S S : s a  = sb f o r
each  s e S } . Then p _is a_ c o n g ru e n c e  on S and S/p
i s  i s o m o r p h ic  t o  BBL(U3*3) .
P r o o f . I t  i s  w e l l  known and r o u t i n e  t o  v e r i f y  t h a t  p i s  
a  c o n g r u e n c e .  F o r  a  e S l e t  ap d e n o te  t h e  p - c l a s s  o f
a  . D e f in e  $ : S / p  -» BBL(U3,3) b y  l e t t i n g  ( a p ) f  be  t h e
r e s t r i c t i o n  o f  a  t o  U3 . I f  ap = bp and x e U3
t h e r e  i s  d e 661(1)5,3)  and y  e U3 so t h a t  ( y ) d  = x .
Hence ( x ) a  = ( y ) d a  = (y )db  = (x )b  . Thus I i s  a  f u n c ­
t i o n  . T h a t  $ i s  a  homomorphism f o l l o w s  f rom t h e  f a c t
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t h a t  i f  b e S t h e n  Xb a  US' • T h i s  a l s o  im m e d ia t e l y  
i m p l i e s  t h a t  $ i s  o n e - t o - o n e .  The p r o p e r t y  (B2) f o r  
3 y i e l d s  t h a t  $ i s  o n t o .  □
F o r  t h e  r e m a i n d e r  o f  t h i s  c h a p t e r ,  we w i l l  assume t h a t  
X i s  a  c o u n t a b l y  i n f i n i t e  s e t ,  i . e . ,  jX \ = Kq , 3 i s
a  b o u n d in g  c o l l e c t i o n  f o r  X w i t h  1)3 = X , and
5 = BBL(X,3) . The r e s u l t s  g iv e n  h e r e  have  a n a l o g s  i n  t h e  
c a s e s  where  X h a s  l a r g e r  c a r d i n a l  n u m b ers .
I f  a  and b a r e  t r a n s f o r m a t i o n s  o f  X t h e n  t h e  
d i f f e r e n c e  s e t  o f  a  and b , n o t e d  D ( a , b )  , i s  t h e  s e t
(x e X :x a  /  x b )  . The f o l l o w i n g  can b e  r o u t i n e l y  v e r i f i e d .
Lemma 5 . 2 .  _If a , b  and c a r e  t r a n s f o r m a t i o n s  o f  X t h e n
( i )  D ( a , c )  c  D ( a , b )  U D ( b , c )  ;
( i i )  D ( c a , c b )  = ( D ( a , b ) ) c -1  ; and
( i i i )  jLf c i s  o ne - t o - o n e , t h e n  D ( a c , b c )  = D ( a ,b )  . □
I f  T i s  a  sem ig rou p  o f  t r a n s f o r m a t i o n s  on X , d e ­
f i n e  t h e  f i n i t e  d i f f e r e n c e  r e l a t i o n
6 = { ( a , b )  e T x T : D ( a , b )  i s  f i n i t e )  . I f  T i s  a  sem i­
g roup  o f  f i n i t e - t o - o n e  t r a n s f o r m a t i o n s ,  t h e n  6 i s  a  con­
g r u e n c e  on T . S u to v  [91 h a s  shown t h a t  6 i s  t h e  o n l y  
p r o p e r  c o n g ru e n c e  on BL(X) ; in  f a c t ,  t h e  f o l l o w i n g  p r o o f s  
a r e  s i m i l a r  t o  p r o o f s  o f  some o f  S u to v * s  r e s u l t s .
We w i l l  s a y  t h a t  a s u b s e t  A o f  X i s  s c a t t e r e d  i n
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a  b o u n d in g  c o l l e c t i o n  3 i f  A n F i s  f i n i t e  f o r  e ac h  
F e 5 . Then l e t  S c (3)  d e n o t e  t h e  s e t  o f  s u b s e t s  o f  
X which  a r e  s c a t t e r e d  i n  3 . Now l e t
Y = { ( a , b )  e S x S : D ( a ,b )  e S c ( 3 ) )  .
P r o p o s i t i o n  5 . 3 .  The r e l a t i o n  y i s  a  c o n g ru e n c e  on S .
P r o o f . I t  i s  c l e a r  t h a t  y i s  r e f l e x i v e  and  s y m m e t r i c .  
T r a n s i t i v i t y  and r i g h t  c o m p a t i b i l i t y  f o l l o w  f rom  5*2.  To 
see  t h a t  y i s  l e f t  c o m p a t i b l e ,  l e t  ( a , b )  e y , s e S ,
i t
and F e 3 . Then t h e r e  i s  F e 3 so  t h a t  Xs c  F and
D ( s a , s b )  n F = [ D ( a , b ) ] s " 1 0 F . Thus ( [ D ( a , b ) ] s -1  n F ) s  =
D ( a ,b )  fl Fs c  D ( a , b )  fl F* , and  t h e  l a t t e r  s e t  i s  f i n i t e
by t h e  d e f i n i t i o n  o f  y . S in c e  s i s  o n e - t o - o n e  i t  f o l l o w s
t h a t  D ( s a , s b )  i s  f i n i t e .  □
Lemma 5 . 4 .  I f  a , b  e S and D i s  an i n f i n i t e  s u b s e t  o f  
D ( a , b )  , t h e n  t h e r e  i s  an i n f i n i t e  s e t  Y c  D so  t h a t
Ya fl Yb = 0  .
P r o o f . L e t  d  t e  t h e  c o l l e c t i o n  o f  s u b s e t s  Z o f  D so
t h a t  Za D Zb = 0  . I f  x € D , t h e n  (x )  e a  and t h u s
d  ^  0  . L e t  d  be a  t o w e r  i n  a  and  s e t  C = U<3 • Then
C e d  and by  Z o r n ’ s lemma d  h a s  a  maximal  e l e m e n t ,  s a y
Y . Suppose  Y i s  f i n i t e . Then D\Y i s  i n f i n i t e  and 
f o r  x e D\Y , (Y U { x ) ) a  fl (Y U ( x ) ) b  /  0  . So e i t h e r  
(1)  xa  = yb f o r  some y  e Y o r  (2 )  xb = z a  f o r  some
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z e Y . T here  i s  a  r e s u l t i n g  f u n c t i o n  a :D\Y -» Y d e ­
f i n e d  a s  f o l l o w s :  ( x ) a  = y i n  t h e  c a s e  o f  ( 1 )* and i f
(1)  f a i l s  t h e n  ( x ) a  = z a s  i n  ( 2 ) .  T h i s  f u n c t i o n  i s  
f i n i t e - t o - o n e . To se e  t h i s  l e t  ( x ) a  = (x1 ) a  = (x2 ) a  = y  . 
Then
x a  = yb o r  xb = ya  ,
Xjb = yb o r  x-j_b = ya^  , and
x 2a  = yb o r  x gb = ya  .
I n  e a c h  r e s u l t i n g  c a s e  { x ^ x ^ X g }  c o n t a i n s  a t  most  two 
e l e m e n t s .  T h i s  i s  a  c o n t r a d i c t i o n .  Hence Y must  be  i n ­
f i n i t e .  □
Lemma 5*5* I f  p i £  a  c o n g ru e n c e  on a  se m ig ro u p  T ,
( a , b )  e p , and f o r  some s , t , q  e T , a t  = a q  and bs  = bq  , 
t h e n  ( a s , b t )  e p .
P r o o f . By c o m p a t i b i l i t y ,  ( a s , b s )  and  ( a t , b t )  a r e  i n  
p . F u r t h e r  ( b s , a t )  = ( b q , a q )  e p . U s in g  t r a n s i t i v i t y  
( a s , b t )  e p . □
F o r  e l e m e n t s  a  and  b o f  a  sem ig ro up  we w i l l  d e n o te  
b y  < ( a , b ) >  t h e  s m a l l e s t  c o n g ru e n c e  c o n t a i n i n g  t h e  p a i r  
( a , b )  .
Lemma 5 . 6 .  Lf a , b  e S and Xa n Xb = 0  , t h e n  < ( a , b ) >  =
S x S .
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P r o o f . L e t  c e S . Choose F e 3 so  t h a t  Xa U Xb U Xc c  F . 
Choose F* , f "  e 5 so  t h a t  F c  F C F* ' and
| f ' \ F J  = | F * ' \ F ' | = . D e f in e  s e S so  t h a t  a s  = a  and
(X\Xa)s c  f ' \ F  . D e f in e  t  e S so  t h a t  b t  = c and
r 9 f
(X\Xb)t  c  F \ F  . T h e re  i s  a  f u n c t i o n  q e S so  t h a t  q
a g r e e s  w i t h  s on Xb and  w i t h  t  on Xa , i . e . ,  bq  = bs
and aq  = a t  . By 5*5* ( a , c )  = ( a s , b t )  e < ( a , b ) >  . S in c e
c was a r b i t r a r y ,  < ( a , b ) >  = S x S . □
Theorem 5 . 7 .  The c o n g ru e n c e  Y is_ t h e  u n i q u e  maximal  one
on S .
P r o o f . I t  s u f f i c e s  t o  show i f  ( a , b )  0  Y f o r  some a , b  e S
th e n  < ( a , b ) >  = S x S . I f  ( a , b )  /  y , t h e r e  i s  F e 3 so
t h a t  D ( a , b )  O F  i s  i n f i n i t e .  By 5>^> t h e r e  i s  an i n f i n i t e  s u b ­
s e t  Y o f  D ( a , b )  n F so  t h a t  Ya n Yb == 0  . L e t  s e S
so t h a t  Xs c  Y . Hence Xsa 0 Xsb = 0  and c o n s e q u e n t l y ,
by  5 . 6 ,  < ( s a , s b ) >  = S x S . Then < ( a , b ) >  = S x S s i n c e
< ( s a , s b ) >  c  < ( a , b ) >  . □
P r o p o s i t i o n  5 . 8 . I f  T i s  a  r i g h t  s i m p l e , r i g h t  c a n c e l ­
l a t i v e  s e m ig r o u p , p _is a  c o n g ru e n c e  on T , and ap 0  {a) 
f o r  some a  e T , t h e n  bp 0  fb )  f o r  e a c h  b e T .
P r o o f .  I f  ( a , c )  e p , a  0  c , t h e r e  i s  s e T so  t h a t
a s  = b . Thus ( b , c s )  = ( a s , c s )  e p and  b = a s  0  c s  . □
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R e c a l l  t h a t  6 = { ( a , b )  e S x S : D ( a , b )  i s  f i n i t e )  .
Lemma 5.9.* . I f  s , t  e S and ( s ,  t )  e 6 , t h e n  t h e r e  i s  a  
s e q u e n c e  o f  e l e m e n t s  a 3.?±=1 ~  ® su c h  t h a t  a^  = s ,
an = t  3 a n a  lD(a i j a i + l )  1 = 1 *
P r o o f . L e t  D = D ( s , t )  = {x-^Xg, • • • jX^) . I f  Ds fl Dt = 0
l e t  a-  ^ = s , ak + i  = t  j an(1 a i  = s ori X \ { x i ,  ' * **x i--l-J
and  a^  = t  on {x-^, •• ^ o r  2 < t  < k  . I f
Ds fi Dt 0 0  we d e f i n e  q e S  b y  q = s = t  on X\D and
so t h a t  Dq fl (Ds L) D t)  -  0  . Now a s  i n  t h e  f i r s t  p a r t  d e ­
f i n e  a-|_ = s , ak + i  = 9 * a 2k + l  = ^ w i t h  ^ ( a ^ a ^ ^ )  | = 1
f o r  1 < i  < 2k + l  . □
Lemma 5 .1 0 .  I f  p _is a  c o n g ru e n c e  on S , P c  6 and  c , f  e S 
so t h a t  cp ^  ( c )  and  | D ( c , f ) |  = 1 , t h e n  ( c , f )  € p .
P r o o f . Choose d e cp w i t h  d 0  c . L e t  D ( c , f )  = (x )  .
D e f in e  s e S so t h a t  ( x ) s  e D ( c , d )  and  ( X \ ( x ) ) s  c X \ D ( c , d ) .
S in c e  D ( c , y )  = (x)  one n o t e s  t h a t  ( x ) f  0  Xc and  ( x ) c  0  X f .
C o n s e q u e n t l y ,  t h e r e  i s  t  e S so  t h a t  s e t  = c and s d t  = f  .
Then ( s c , s d ) t  = ( s e t , s d t )  = ( c , f )  and ( c , f )  e p . □
Theorem 5*11* The c o n g ru e n c e  6 i s  t h e  u n i q u e  m in im a l  one 
on S .
P r o o f . L e t  p be  a  c o n g ru e n ce  on S , p 0  A = { ( s , s ) j s  e S)
and  p c  6 . I f  ( c j 9 )  € 6 , b y  5 .9  t h e r e  i s  a  s e q u en c e
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{&^,a,2 * • • •.> an ) c  S so  t h a t  a j  = c , an = d , and
|D (a a , a i + 1 ) |  = 1 f o r  i  = 1 , • * . , n - l  . By 5 . 8 , cp /  ( c )  
and hy  6 . 1 0 ,  ( c , a 2 ) e p . S i m i l a r l y ,  ( a 2 , a ^ )  * * * *.» (an _ i > cl) e P
and  t h u s  ( c , d )  e p . Hence p = 6 and  6 i s  m i n i m a l .  To 
s e e  t h a t  6 i s  u n i q u e  m in im a l  l e t  a h e  a  c o n g ru e n c e  on S , 
a /  A , ( a , b )  e a w i t h  a  /  h . I f  ( a , b )  /  y t h e n  h y  5 .7*
a = S x S and h e n c e  6 c  a . I f  ( a , b )  e y , c h o ose  F e a?
so  t h a t  D ( a , b )  f\ F 0 0  and  l e t  s e S so t h a t  Xs c  F and 
Xs fl D ( a , b )  /  0  . Thus D ( a , b ) s _1 = D ( s a , s b )  i s  f i n i t e  and 
nonem pty ,  and  ( s a , s b )  e 6 fl a . Then 6 fl 0 /  A and h e n ce  
6 0 o = 6 , i . e . ,  6 c  c . □
Theorem 5 . 1 2 .  I f  p i_s a  c o n g ru e n ce  on S ,  A / p / S x S ,  
t h e n
( ! )  E ( S / p )  = 0 ,
( i i )  S /p  _is r i g h t  s im p le
( i i i )  S/p h a s  common r i g h t  i d e n t i t i e s  (CRIDS)
( i v )  S/p  jLs r i g h t  c a n c e l l a t i v e , and
(v)  S /p  is^ l e f t  r e d u c t i v e  i f  and  o n ly  i f  p = y .
P r o o f . ( i )  I f  S /p  h a s  an i d e m p o te n t  th en  so d o e s  S /y  ,
2h u t  D ( a , a  ) = X \ { x : x a  = x )  and { x :x a  = x )  c  Xa i s
2
h o u n d e d .  Hence ( a , a  ) /  f  and E ( S / p )  = 0  . ( i i )  and
( i i i )  a r e  t r i v i a l ,  ( i v )  S/p  i s  r i g h t  c a n c e l l a t i v e  hy  
4 . 3  s i n c e  ( i ) ,  ( i i )  and  ( i i i )  h o l d ,  (v )  I f  S /p  i s  l e f t  
r e d u c t i v e  and  ( a , b )  e y \p  , ap /  bp b u t  s a  = sh  f o r
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e a c h  s e S . T h e r e f o r e  p = y . C o n v e r s e ly ,  i f  p = Y * 
s i n c e  Y i s  maximum, S /y  i s  c o n g ru e n c e  f r e e . But i f  
e = £ ( a , b )  e s / p  x S /p  : s a  = sb  f o r  e ac h  s e S / p )  , 
t h e n  e i s  a  c o n g ru e n c e  on S/p  and so  e = A o r
p
e = S /p  x S /p  . But i f  e = S /p  x S /p  , s s  = s s  f o r  e ac h
4 2 2s e S/p  , and  s = s ( s s  ) = s ( s s )  = s  o r  S /p  h a s  an idem-
p o t e n t ,  c o n t r a d i c t i n g  ( i )  . T h is  i m p l i e s  t h a t  e = 4 o r
S /y  i s  l e f t  r e d u c t i v e .  □
C o r o l l a r y  5 .1 3 •  A c o n g ru e n c e - f r e e , i d e m p o t e n t - f r e e  sem i­
g ro up  i s  r e d u c t i v e .
P r o o f . T h i s  i s  a  c o r o l l a r y  t o  t h e  l a s t  p a r t  o f  t h e  p r o o f  
o f  5 - 1 2 .  □
C o r o l l a r y  5 . 1 4 .  Some bounded  B a e r - L e v i  s e m ig ro u p s  c o n t a i n  
su b s e m ig ro u p s  t h a t  a r e  c o n g r u e n c e - f r e e .
P r o o f . We n o t e  t h a t  s i n c e  y i s  a  maximal  c o n g ru e n c e  on 
S t h e n  S / y i s  a  c o n g r u e n c e - f r e e  MIR-semigroup ( D e f i n i t i o n  
3 . 1 )  and by  4 . 4 ,  i s  em beddable  i n  a  bounded  B a e r - L e v i  sem i­
g ro up  . □
Remark. One can by  t h e  a n a l o g o u s  a rgum en t  show t h a t  some 
B a e r - L e v i  s e m ig ro u p s  c o n t a i n  c o n g r u e n c e - f r e e  s u b s e m ig r o u p s .  
In  f a c t ,  i f  | x |  > Kq one can a r g u e  t h a t  BL(X) and 
BBL(X,3) have  c o n g r u e n c e - f r e e  s u b s e m ig r o u p s .  The a u t h o r
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d oes  n o t  know w h e t h e r  BL(X) o r  BBL(X,3?) hav e  c o n g ru e n c e -
f r e e  s u h s e m ig r o u p s  i f  |X \ -  Kq .
A c o n g ru e n c e  p on a  se m ig ro u p  T w i l l  h e  c a l l e d  
m onogenic  i f  p = < ( a , b ) >  f o r  some a , h  e T . C l e a r l y  t h e  
c o l l e c t i o n  o f  monogenic  c o n g ru e n c e s  on T i s  a  b a s i s  f o r  a l l  
c o n g ru e n c e s  on T , i . e . ,  e v e r y  c o n g ru e n c e  i s  t h e  supremum 
o f  a  c o l l e c t i o n  o f  m onogenic  c o n g r u e n c e s .  F o r  t h e  r e m a in d e r  
o f  t h i s  c h a p t e r  we w i l l  g i v e  a  p a r t i a l  d e s c r i p t i o n  o f  t h e  
monogenic  c o n g r u e n c e s  on S . We r e c a l l  [ 3 ,  S e c .  1 0 . 1 ]  t h a t  
i f  J  i s  a  sym m etr ic  r e f l e x i v e  r e l a t i o n  on a  sem ig roup  T 
t h e n  t h e  u n iq u e  m in im a l  c o n g ru e n c e  c o n t a i n i n g  j  i s  t h e  
t r a n s i t i v e  c l o s u r e  o f  { ( a , b )  : a  = s u t  , h = s v t  f o r  some
( u , v )  e j  , s , t  e T1 ) . (T1 i s  T i f  T h a s  an i d e n t i t y
and i s  T w i t h  an i d e n t i t y  1 a d j o i n e d  o t h e r w i s e . )
P r o p o s i t i o n  5»15* I f  ( a , b )  e y and  ( c , d )  e < ( a , b ) >  t h e n
D ( c , d ) \ D ( a , b )  _is f i n i t e .
P r o o f .  We f i r s t  n o t e  t h a t  i f  s , t  e S t h e n  D ( s a t , s b t )  
i s  e i t h e r  f i n i t e  o r  e q u a l  t o  D ( a , b )  . C o n s e q u e n t l y  i f  
( c , d )  e < ( a , b ) >  t h e r e  a r e  e l e m e n t s  x i > ‘ ‘ **xn 6 s  so  t h a t  
( c , x 1 ) , ( x 1 , x 2 ) , • * (xn _1 , x n ) , ( x n , d )  a r e  a l l  o f  t h e  form 
( s a t , s b t )  a s  a b o v e .  Hence D ( e , d )  i s  c o n t a i n e d  i n  t h e  
u n io n  o f  D ( a , b )  and  some f i n i t e  s e t .  Hence D ( c , d ) \ D ( a , h )  
i s  f i n i t e .  □
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We n o t e  t h a t  a s  a  c o n se q u e n c e  o f  t h e  above  i t  i s  e a s y
t o  s e e  t h a t  y i s  n o t  m onogen ic  on S . Of c o u r s e ,  6 ,
b e i n g  m in im a l  i s  m ono g en ic ,  and  Y b e i n g  maximal  i m p l i e s  
t h a t  S x S i s  m onog en ic .
I f  C and D a r e  s u b s e t s  o f  X we s a y  C i s  a lm o s t
c o n t a i n e d  i n  D , w r i t t e n  C D , i f  C\D i s  f i n i t e ..... _ ... a ,
We say  C and D a r e  a l m o s t  e q u a l ,  w r i t t e n  C = D , i f
C c  D and D C . a  a
I f  A c  X t h e n  we d e f i n e  ct  ^ = { ( a , b )  e y : D ( a ,b )  <z& A)
P r o p o s i t i o n  5 .1 6 . The r e l a t i o n  i s  a  c o n g ru e n c e  on S .
P r o o f . The p r o o f  i s  s i m i l a r  t o  t h a t  o f  5*3 f o r  y and i s  
o m i t t e d .  □
We n o t e  t h a t  = 6 . I f  ( a , b )  e S x S where  
D ( a , b )  = A I s  s c a t t e r e d  i n  3 and Aa n Ab = 0  , t h e n
t h e  n e x t  two p r o p o s i t i o n s  show t h a t  = < ( a , b ) >  , i . e . ,
o^  i s  m onog en ic .
P r o p o s i t i o n  5*17.  L e t  a , b  , and A be  a s  a b o v e . I f
c , d  e S and D ( c , d )  c  A , t h e n  ( c , d )  e < ( a , b ) >  .
P r o o f .  T h e re  a r e  f u n c t i o n s  s , t  e S so  t h a t  a s  = c , 
b t  = d , Abs n Aat = 0  , and  x s  = x t  f o r  x  e X \(Xa U Xb) . 
F u r t h e r ,  t h e r e  i s  a  f u n c t i o n  q e S which  a g r e e s  w i t h  s 
on Xb , a g r e e s  w i t h  t  on Xa , and assum es  t h e  common
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v a l u e  o f  s and t  on X \(A a  U At)) . Hence b s  = b q  and
a t  = a q  . By 5*5* (c^ d )  = ( a s , b t )  e < ( a , b ) >  . □
P r o p o s i t i o n  5 .1 8 .  I f  A i s  s c a t t e r e d  i n  3 , t h e  c o n g ru e n c e
cA jLs monogenic  on S .
P r o o f . Given Sc(3) , we can f i n d  a , b  i n  S su ch
t h a t  D ( a , b )  = A and Aa 0 Ab = 0  . L e t  ( c , d )  e , i . e . ,
. 1 1  1
D ( c , d )  c  A and l e t  c *d e S where  c = c e x c e p t  on£1
D ( c , d ) \ A  , d* = d e x c e p t  on D ( c , d ) \ A  , and c* = d on 
D ( c , d ) \ A  . Then D ( c , , d ' )  c  A and  by  5 .1 7 ,  ( c ' , d ' )  e < ( a , b ) >
1
F u r t h e r ,  ( c , c  ) , ( d , d  ) e 6 c  < ( a , b ) >  , and  b y  t r a n s i t i v i t y ,  
( c , d )  e < ( a , b ) >  . Hence aA = < ( a , b ) >  . □
Theorem 5»19« I f  A i s  s c a t t e r e d  i n  3 , t h e n  i n  t h e
l a t t i c e  o f  c o n g ru e n c e s  on S , A aB = aA(lB an a
aA V aB = aAUB *
P r o o f . F i r s t ,  aA A aB = aA n i s  o b t a i n e d  w i t h
a  s e t - t h e o r e t i c  a r g u m e n t . S i n c e  dAyB I s a  c o n g ru e n c e  and
aA U ctb c  aAUB i t  f o l l o w s  t h a t  V aB c  dAyB • L e t
( a , b )  e dAy B so t h a t  (AUB)a n (AUB)b = 0  . D e f in e  x € S
b y  ( z ) x  = ( z ) a  f o r  z e A , ( z ) x  = ( z ) b  f o r  z e B\A ,
and  ( z ) x  = ( z ) a  = ( z ) b  f o r  z e X\A U B . Then D ( a , x )  c. B 
and D ( x ,b )  = A . Thus ( a , x )  e crB , ( x , b )  e , and
h e n ce  ( a , b )  e V aB . I t  f o l l o w s  b y  3*17 t h a t
°AUB = < ( a *b )> c  CTA. V a B * D
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C o r o l l a r y  5 . 2 0 .  The s e t  f CT^ ; 4 c  X a na  A. I s
s c a t t e r e d  i n  3} j ls  a  d i s t r i b u t i v e  s u b l a t t i c e  o f  t h e  l a t ­
t i c e  o f  c o n g ru e n c e s  on S . □
I f  Y I s  an y  s e t  we w i l l  n o t e  b y  J?(2^) t h e  c o l l e c t i o n
o f  i n f i n i t e  s u b s e t s  o f  Y .
We now d e f i n e  a n o t h e r  c o l l e c t i o n  o f  c o n g ru e n c e s  on S .
I f  S c  J ( 2 X) we d e f i n e  = { ( a , b )  e f  : Ba =a  Bb f o r  
each  B e B) . I f  = {B* c. j ( 2 X) : p , = p^)  th en  p ^
and Utf i s  t h e  u n iq u e  maximal c o l l e c t i o n  0/ so  t h a t  = p .
We w i l l  t h u s  assume t h a t  i f  we sp e a k  o f  a  p^  t h a t  B i s
t h i s  u n iq u e  maximal c o l l e c t i o n .
■y
P r o p o s i t i o n  5 . 2 1 .  _If B e  J ( 2  ) t h e n  p^  is_ a  c o n g ru e n c e
on S .
P r o o f . T h a t  p^  i s  a  r i g h t  c o m p a t i b l e  e q u i v a l e n c e  r e l a t i o n  
i s  c l e a r .  I f  B e B , s e S , and  ( a , b )  € p^  c  f  , Bs c F  
f o r  some F e 3* , and D ( a ,b )  O F  i s  f i n i t e .  C o n s e q u e n t ly
Bsa =a  Bsb , and hen ce  ( s a , s b )  e p ^  . □
P r o p o s i t i o n  5 . 2 2 .  F o r  c o n g ru e n c e s  p and p , D„ c  p ,
B B 13 B
i f  and o n ly  i f  B c  B •
i i i
P r o o f . I f  B c  B t h e n  c l e a r l y  p e p ,  . I f  B e B \ B  ,
13 B
s i n c e  B i s  m ax im al ,  t h e r e  i s  a  p a i r  ( a / b )  e S x S so
t h a t  Ba = Bb f o r  e a c h  B e B b u t  B0 ^  B, . Con- a  a  d
t .
s e q u e n t l y  i f  B <£■ B t h e n  p jc p , . □
B B
Theorem 5 .2 3 -  The c o l l e c t i o n  f p ^ : #  c  J ( 2 X) ) i s  a  d i s t r i ­
b u t i v e  l a t t i c e  o f  c o n g ru e n c e s  on S .
P r o o f .  I f  -0,(3 c  j ( 2 X) t h e n  i t  f o l l o w s  e a s i l y  t h a t
P/9 A P(3. = P/3 n P^ = • I t  i s  a l s o  c l e a r  t h a t
p ^  U p^  c  p ^ ^  . M o reover ,  i f  p U p ^  c  p ^  f o r  any 
£  c  j ( 2 X) t h e n  b y  5 - 2 2 ,  ^  c  #  0 <3 . Thus c  .
I t  f o l l o w s  t h a t  p^  v Pq  = p . The a i s t r i b u t i v i t y  f o l l o w s  
(We n o t e  t h a t  i t  i s  n o t  c l a im e d  t h a t  t h i s  supremum p^  v p^  
i s  i n  t h e  l a t t i c e  o f  a l l  c o n g ru e n c e s  on S . )  □
The n e x t  two r e s u l t s  compare t h e  p ’ s and t h e  a fi1s .B «■
F o l l o w i n g  t h i s  we w i l l  c o n s i d e r  c o n g ru e n c e s  o f  t h e  form 
P B n aA .
P r o p o s i t i o n  5 . 2 4 .  L e t  @ c  j ( 2 ^ )  and  A e Sc(3f) . Then 
P/S C aA —  aria o n l y  i f  j2(2X'^A) c  B •
P r o o f . Suppose  p^  c  q^ . L e t  ( a , b )  e and J  e
Then s i n c e  D ( a , b )  a & A i t  f o l l o w s  t h a t  J a  =a  J b  and
h e n ce  J  e 13 s i n c e  13 i s  m a x i m a l .
Suppose  j j ( 2 ^ A) a  13 . I f  t h e r e  i s  an i n f i n i t e  s e t  
J  c  X\A so t h a t  J  c  D ( a , b )  ,  b y  5 .3  t h e r e  i s  an i n f i n i t e
s e t  Y c  J  so  t h a t  Ya fl Yb = 0  . Thus Y i  (3 . T h i s
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shows t h a t  D ( a ,b )  c a  A . □
P r o p o s i t i o n  5 . 2 5 . I f  and  p^, a r e  a s  above  t h e n
a n c  i f  a n a  o n l y  i f  f o r  e a c h  B e B , B c„  X\A. .A 0  —— —— 1 —■“* ' ■
P r o o f . Suppose  B e 0  and  B O A .  i s  i n f i n i t e .  Take 
a , b  e S so  t h a t  (BDA)a n (BfiA)b = 0  and  l e t  a  e q u a l  b 
o t h e r w i s e .  Hence ( a , b )  e and ( a , b )  0  . C o n s e q u e n t l y ,
ctA c  ^ B i mP-*-ie s  ^ o r  e a c h B e 0  , B c a  X\A .
C o n v e r s e l y ,  i f  ( a , b )  e , t h e n  f o r  e a c h  B e B ,
Ba =a  Bb s i n c e  B c a  X\A . Hence ( a , b )  e . □
We now merge t h e  a^ ' s ancl P $ , s  1 ^ 4 °  a  s i n g l e  d e ­
s c r i p t i o n .  I f  B c  j ( 2 x ) and  A. c  X d e f i n e  = aA Pi p^
and a g r e e  t h a t  B i s  t h e  u n iq u e  m axim al  c o l l e c t i o n  o f  su b ­
s e t s  o f  X w i t h  r e s p e c t  t o  B £ 0  i m p l y i n g  t h a t  Ba = Bbcl
f o r  e v e r y  ( a , b )  e b , i . e . ,  B i s  t h e  maximum c, so
t h a t  q = t a ^  . W ith  t h e  r e s u l t s  o f  5 .2 4  i n  m ind ,  we
d e f i n e  S (&) = {T e j ( 2 X) : j ( 2 T ) a  0} . We o b s e r v e  t h a t
s i n c e  0  i s  maximal  and c  y , t h e n  3 c  S (b) • I f  we
n o t e  by  H\ t h e  U f j ( 2 F ) : F e 3} t h e n  f o r  e a c h  r e p r e s e n ­
t a t i o n  q we have  7H a  0  . Then one can w r i t e  Y = Tx
a M  6 = T0 , J ( 2 X ) •
P r o p o s i t i o n  5*26.  L e t  and t , , be  c o n g ru e n c e s
A , 0
a s  d e s c r i b e d  a b o v e .  Then t a ^ c  t , , i f  and  o n l y  i fA  ^
( i )  t h e r e  e x i s t s  K e S (/?) _so t h a t  A\K CgA , ana
( i i )  i f  b ' e /?' t h e r e  ^ s  B e /5 _so t h a t  
B =a  B fl A .
P r o o f . I f  ( i )  do es  n o t  h o l d ,  f o r  each  K e S ( # )  t h e  s e t  
( A \ a ' ) \ K  i s  i n f i n i t e .  (One n e e d s  t o  r e c a l l  t h a t  3 c  S(@) 
and t h e  p r o p e r t i e s  o f  3 . )  Thus t h e r e  i s  an i n f i n i t e  s e t
I
J  c  A\A. so  t h a t  J  /  B • C o n s e q u e n t l y  t h e r e  i s
( a , b )  e t „  a so  t h a t  J a  Jb  . I f  ( a , b )  e t  , , t h e n
a  A ,B
D ( a ,b )  c  A and t h u s  J a  = Jb  . Thus ( a , b )  ^  t  , , .
a  a  A. ,B
I f  ( i i )  does  n o t  h o l d  t h e r e  i s  B e Q so  t h a t  f o r
i . i
e ac h  B e S  , B n A ^  B . By m a x i m a l i t y  o f  B t h e r e  i s
( a , b )  e t g  so  t h a t  (B*n A)a  ^ a  (B H A)b . S in c e
. i . «
D ( a , b )  c  A we must  have  B a  5= B b .cl
C o n v e r s e l y ,  l e t  ( a , b )  e ^  . Hence D ( a , b )  c & A
and t h e r e  i s  K e S (q) so t h a t  A\K A.' . I t  f o l l o w s
t h a t  j ) ( 2 ^  (A\K) c  b  ar]a b y  5>24 ,  D ( a , b )  A\K a '  .
Now i f  b ' e , (B*n A)a  = (b ' d A)b and  t h u s  B ' a  =a  B*b
C o n s e q u e n t l y ,  ( a , b )  e t , , . □
A ,B
Remark# We do n o t  know i f  t h e  t a J  s above  y i e l d  a l l—— — ii j f j
p r o p e r  c o n g r u e n c e s  on S , o r  even i f  t h e y  form  a  b a s i s .
One m i s s i n g  i n g r e d i e n t  i s  t h e  d e t e r m i n a t i o n  o f  t h e  m onogenic  
c o n g ru e n c e s  < ( a , b ) >  where  t h e r e  i s  an i n f i n i t e  s u b s e t  
B c  D ( a , b )  so  t h a t  Ba = Bb . As one s e e s  by  com par ing
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5 .2 0  w i t h  5 .2 3  t h e  f a c t  t h a t  t h e  a r e  monogenic  i s
h e l p f u l .  L e t  a , b  e S and  s e t  D = D ( a , b )  . T e c h n i c a l l y
t 1 1
one can d e s c r i b e  t h e  maximal  s e t  D c  D so t h a t  D a  = D b .
To do t h i s  we l e t  (ba""^")'n and ( a b ” ^ ) n be  t h e  n - f o l d  com-
- 1  -1p o s i t i o n s  o f  b a  and ab where  a l l  c o m p o s i t i o n s  a r e  
t a k e n  i n  t h e  se m ig ro up  o f  p a r t i a l  t r a n s f o r m a t i o n s  on X .
I n  I n  I 00
S e t  D = D(ba  ) fl D (ab" 'L) IJ and  D = n D .
n = l
1 1
P r o p o s i t i o n  5 .2 7  • F o r  a  and b e l e m e n t s  o f  S , D a  = D b .
1 1
P r o o f . F o r  d e D , we w i l l  show t h a t  da  e D b . Note
t h a t  f o r  each  n e N , D(ba"’^ ')ria  = D ( b a " ^ ) ri b a " ^ a  c  D (ba” ‘*’)'n t> ’ .
U s in g  t h i s ,  we have  da  e D D ( b a " ^ ) na T i  D (a b " ‘*')ria  c
n = !
00 -  —J.  ~ I
H D(ba"  ) n b n D (ab“ )n a  . So da  = d b f o r  some
n = l
|  00 a. *" "I |  -|
d e n D(ba  ) n and f o r  e a c h  n e N , d b  e nD (ab“ )n a 
n = l
I ^  *| ■! f t
o r  d e n D(ab ) n ab . I t  f o l l o w s  t h a t  d e D 
n = l
P r o p o s i t i o n  5 . 2 8 . Lf A c  D and Aa = Ab , t h e n
1 00
A c  D = D Dn . 
n= l
P r o o f .  I f  x e A , x a  = yb f o r  some y e A o r  x = yba" '1";
a l s o  xb = za  f o r  some z e A. o r  x = zab  . S in c e
y ,  z e A c D j  , t h i s  i m p l i e s  x e . Now assume A c  Dn _3_
f o r  some n e N and x e A ; them x a  = db f o r  d e
~1 1 so  t h a t  x a  e D„ , b  o r  x  e u  , b a  . A lso  xb = d an -1  n -1
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f o r  some a* e n so xb e D„ n o r  x e D„ -.ab"'1' . Wen - l  n - i  n - i
have  x e D ^ba""'*' fl c  D(ba” '*')n ~^"ba ^ n
D ( a b " 1 )n “ 1a b " 1 = .
P r o p o s i t i o n  5 • 29 • I f  Dn is ,  f i n i t e  f o r  some n , t h e n
< ( a , b ) >  = a-Q^iTo) ‘
P r o o f . Suppose  D (b a "1 )n fl D (ab - 1 )n i s  f i n i t e  f o r  some n .
L e t  K an a  M be  i n f i n i t e  s u b s e t s  o f  “X s u c h  t h a t
K n M = 0  , (Xa u Xb) n  (K U M) = 0  ana  K U M c  F f o r
n n
some P e 3f . L e t  K = V K. , M = V M. , IK. ! = lM, I = Yn
i = l  i = l  1 1 1 u
f o r  e ac h  1 < i  < n .
T h ere  a r e  e l e m e n t s  s i-» S2 J * * *  ^s n e ® such  t h a t  a s ^  = b 
a na  (X \X a)s1 c  Kj , a s 2 = b s 2 , (x\ x a ^S2 — K2 * 
a s ^  = b s n _1 an a  (X \X a)srj c  Kn . S i m i l a r l y ,  t h e r e  a r e  e l e ­
m en ts  e S su c h  t h a t  at-^ = b , (X\Xb)t-^ c  M-^  ,
a t 2 = bt-]_, (X \X b ) tg  c  Mg, • • •  a na  a t fi = b t n - 1  , (X \X b ) tn c  .
We have  ( b , b s ^ )  = ( a ^ b j s ^  e < ( a , b ) >  , ( b s ^ b S g )  =
( a , b ) s 2 e < ( a , b ) >  • • •  ( b s n_1 , b s n ) = ( a , b ) s n e < ( a , b ) >  so 
t h a t  (b ^ b s^ )  e < ( a , b ) >  . S i m i l a r l y  ( a , a t n ) e < ( a , b ) >  .
We n e e a  t o  show t h a t  D = D ( a t n , b s n ) . I t  s u f f i c e s  t o  show
t h a t  Dat^  fl Dbs^ i s  f i n i t e ,n n
I f  x e D , e i t h e r  x b s fi e f o r  some 1 < i  < n o r
x b s n e x b ( a “ 1b ) ri = x ( b a “ 1 )nb . A lso  x a t n e f o r  some
1 < i  < m o r  x a t ^  e x ( a b _ 'L) ria  . But  L = D(ba“ '*')nb n D(ab“ ^ ) n a
i s  f i n i t e ,  s i n c e  L c  Xa an a  La” ^ = (D (b a ~ ^)nb fl D (ab“ "*')n a ) a “ ^ =
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= D (ba“ 1 ) nb a _1 n D(a‘b_1 )n a a " 1 e DCba“ 1 )n+1 n D (ab _ 1 ) n c  
DCba- 1 ) 11 n  D (ab~1 ) n , w h ich  i s  f i n i t e  b y  h y p o t h e s i s .  □
CHAPTER VI
SOME EXAMPLES OP LATTICES OF CONGRUENCES 
ON RIGHT-CANCELLATIVE, IDEMPOTENT-FREE SEMIGROUPS
In  C h a p te r  V, we i n v e s t i g a t e d  t h e  l a t t i c e  o f  c o n g ru e n c e s  
on a  p a r t i c u l a r  c l a s s  o f  s u b s e m ig r o u p s  o f  t h e  B a e r - L e v i  sem i­
g roup  on a  c o u n t a b l e  s e t .  A more g e n e r a l  q u e s t i o n  a r i s e s :
I f  <3 i s  t h e  c l a s s  o f  s u b s e m ig r o u p s  o f  a l l  B a e r - L e v i  se m i­
g r o u p s  o r  e q u i v a l e n t l y  t h e  c l a s s  o f  r i g h t  c a n c e l l a t i v e  idem- 
p o t e n t - f r e e  s e m ig r o u p s ,  t h e n  w h ich  l a t t i c e s  can  be  r e a l i z e d  
a s  t h e  l a t t i c e  o f  c o n g r u e n c e s  o f  some e le m e n t  o f  ? I t  
was n o t e d  i n  C h a p te r  V t h a t  f o r  |X |  > Xq , BL(X) h a s  a  
c o n g r u e n c e - f r e e  su b sem ig ro u p  whose l a t t i c e  o f  c o n g ru e n c e s  
i s ,  o f  c o u r s e ,  a  two e l e m e n t  c h a i n .  I n  t h i s  c h a p t e r ,  we 
w i l l  a g a i n  assume t h a t  j x |  = Xq and examine  t h e  l a t t i c e s  
o f  c o n g ru e n c e s  f o r  some o t h e r  s u b s e m ig r o u p s  o f  BL(X) .
F o r  e a c h  s e BL(X) , t h e  su b sem ig ro u p  g e n e r a t e d  b y  
s i s  i s o m o r p h ic  t o  t h e  se m ig ro u p  N o f  t h e  p o s i t i v e  
i n t e g e r s  u n d e r  a d d i t i o n . I t  i s  e a s y  t o  c o m p l e t e l y  d e s c r i b e  
t h e  l a t t i c e  o f  c o n g r u e n c e s  on N . F o r  n e N , l e t  i
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d e n o te  t h e  i d e a l  c o n g ru e n c e  A^ . U [n,oo) x [n , i»)  . Then
f o r  k e N , l e t  p .^ d e n o te  t h e  c o n g ru e n c e
{ ( a , b )  e N x N :a  = h modulo k )  • F i n a l l y ,  f o r  n , k  e N ,
l e t  Yn ,k  = l n n '
In  what f o l l o w s  f o r  i n t e g e r s  n and  m , n V m =
max{n,m} and n a m = i n f ( n , m )  . The l e a s t  common m u l t i p l e
t
o f  two p o s i t i v e  i n t e g e r s  n and  n i s  n o t e d  by  4cm ( n ,n
i .
and t h e  g r e a t e s t  common f a c t o r  b y  g c f ( n , n  ) . The p r o o f s
o f  t h e  f o l l o w i n g  two p r o p o s i t i o n s  a r e  r o u t i n e :
P r o p o s i t i o n  6 . 1 .  L e t  JL -  € N} . Then f o r  n , n  e N
i
Ln — L • —  aria o n ly  n > n . C o n seq u en tly , l n A L i
n n
L i and Lri v L i = L ? •
nvn n nAn
P r o p o s i t i o n  6 . 2 .  L e t  £  = e N) . T h en , i f  k  ,
k ? e N , p. p , _if and o n l y  i f  k* d i v i d e s  k  . Con-
k
s e q u e n t l y  p. a p , = p . and  p . v  p , =
k Jcm(k , k  ) k
p | .
g c f ( k , k  )
P r o p o s i t i o n  6 . 3 . The s e t  = (Yn 6 N) U {A] i s
t h e  s e t  o f  a l l  c o n g ru e n c e s  on N .
P r o o f . F o r  each  p a i r  o f  p o s i t i v e  i n t e g e r s  n and k ,
, i s  t h e  i n t e r s e c t i o n  o f  two c o n g r u e n c e s  and i s  t h e r e -n y k
f o r e  a  c o n g r u e n c e . C o n v e r s e l y ,  l e t  a ^  A be  a  c o n g ru e n c e  
on N , and l e t  n be  t h e  s m a l l e s t  e l e m e n t  o f  N such
t h a t  t h e r e  i s  a  p o s i t i v e  i n t e g e r  q , q ^  n , ( n , q )  e a . 
F u r t h e r ,  assume q i s  t h e  s m a l l e s t  e le m e n t  o f  N so t h a t  
( n , q )  e a . Now, l e t  k  = q -n  and  i t  i s  r o u t i n e  t o  v e r i f y  
t h a t  a = Yn j k  . □
P r o p o s i t i o n  6 . 4 .  In  t h e  l a t t i c e  o f  c o n g ru e n c e s  on N , 
n , k
i i
Y-n k — Y 1 » and o n l y  i f  k d i v i d e s  k  and n > n
n ' n , k
5
nP r o o f . I f  y . < y i , , t h e n  i < l , , i . e . ,  n >
’ n , k  n
A lso  (jl < n . and k* must  d i v i d e  k . The c o n v e r s e  i s  K -  k
e a s y .  □
S in c e  £  and ■£ a r e  l a t t i c e s ,  we can form  t h e  p r o ­
d u c t  l a t t i c e  =£ x =£* • F u r t h e r ,  we w i l l  a d j o i n  a  u n i v e r s a l
i
l o w e r  bound o r  z e r o  t o  ^  x /  and  u se  t h e  n o t a t i o n  £  X =£
t o  r e p r e s e n t  ■£. x £  w i t h  a  z e r o ,  0 , a d j o i n e d .  As shown
i  o
b e lo w ,  t h i s  l a t t i c e  sd X =£. i s  t h e  l a t t i c e  o f  c o n g ru e n c e s
on N . I t  f o l l o w s  f ro m  6 . 1  and 6 . 2 ,  t h a t  i n  t h e  l a t t i c e
( ^ n ^ k )  A | , *“l = ^  * \ )n k nVn £ em (k ,k  )
and
v k n , . t ik . )  = ( l nAn' ^ g c f ( k , k ' ) ) '
P r o p o s i t i o n  6 . 5 -  The l a t t i c e  o f  c o n g ru e n c e s  & on N _i£
t  o
i s o m o r p h ic  t o  ^  x £
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1 o  . .P r o o f . D e f in e  §:& >+ sd x =t a s  f o l l o w s :  (yn =
(Ln , n k ) and  (a )$ = 0 . C l e a r l y  $ i s  o n e - t o - o n e  and
o n to  =d x ^ ' °  • I f  Yv, v < Y i i } t h e n  h y  6 . 4 ,  k*
n ,K  ”  n , k
i
d i v i d e s  k  and  n > n . I t  f o l l o w s  f ro m  6 . 1  and  6 . 2 ,
t h a t  Ln < l , and ^  < \x , j t h e r e f o r e ,  <
n k
(6 , , ( i  , )  • The d i a g o n a l  r e l a t i o n  A i s  be low  e v e r y  o t h e r
n k
e le m e n t  o f  A , and  ( a )$  = 0 w h ich  i s  be low  e v e r y  e le m e n t
o f  s£ x =d' • So |  i s  o r d e r  p r e s e r v i n g .  □
I f  Y i s  any  i n f i n i t e  s u b s e t  o f  X , t h e n  Sy =
{f e B L (X ) : (X ) f  c  Y) i s  a  su b s e m ig ro u p  o f  BL(X) . ¥ e  want
t o  i n v e s t i g a t e  t h e  l a t t i c e  o f  c o n g r u e n c e s  on Sy • L e t  
e = { ( a , b )  e Sy x Sy : f o r  e ac h  s e Sy , s a  = sb )  . T h i s
r e l a t i o n  e i s  a  c o n g ru e n c e  and  I d e n t i f i e s  p a i r s  o f  f u n c ­
t i o n s  which  a g r e e  on Y .
P r o p o s i t i o n  6 . 6 .  The se m ig ro up  S y /e  i s  i s o m o r p h ic  t o
BL(Y) .
P r o o f .  F o r  se  e S y /e  , d e f i n e  se  $ = y I s 3 f u n c “
t i o n  which  assum es  t h e  v a l u e  o f  s on t h e  s e t  Y . Then 
§ : S y / e  BL(Y) i s  t h e  r e q u i r e d  i so m o rp h is m  a s  shown i n  5*1*
P r o p o s i t i o n  6 . 7 . In  t h e  l a t t i c e  o f  c o n g r u e n c e s  on Sy ,
t h e r e  i s  e x a c t l y  one c o n g ru e n c e  6y su ch  t h a t  e eg 6y eg w .
P r o o f . T h e re  i s  a  o n e - t o - o n e  c o r r e s p o n d e n c e  be tw een
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c o n g r u e n c e s  on S y /e  and  c o n g r u e n c e s  on Sy ■which c o n t a i n  
e [ 2 ,  1 . 5 ] .  By 6 . 6 , S y /e  i s  i s o m o r p h ic  t o  BL(Y) , which  
h a s  a  t h r e e - e l e m e n t  c h a i n ,  {A,5,tju} a s  i t s  l a t t i c e  o f  con­
g r u e n c e s  . □
Note  t h a t  6y  = C (a /b )  e Sy X S y : D ( a , b )  n Y i s  f i n i t e )  .
P r o p o s i t i o n  6 . 8 . F o r  A c  X\Y , s e t  aA = 
f ( a , b )  e Sy  x SY: D ( a ,b )  c  A.) . Then aA i s  a  c o n g r u e n c e .
P r o o f . I t  f o l l o w s  e a s i l y ,  a s  i n  t h e  p r o o f s  o f  C h a p te r  V, 
t h a t  aA i s  a  r i g h t  c o m p a t i b l e  e q u i v a l e n c e  r e l a t i o n .  Then
f o r  ( a , b )  e aA , D ( s a , s b )  = [ D ( a , b ) ] s _1 = 0  , so
( s a , s b )  e A c  aA . □
P r o p o s i t i o n  6 . 9 . The s e t  { :  A c  X\Y) is_ a  d i s t r i b u t i v e  
l a t t i c e .
P r o o f . Note t h a t  i f  and o n l y  i f  Aa  B . T h e r e ­
f o r e ,  f o r  A,B c  X\Y , A ctb = and aA V aB = dA(jB .
D i s t r i b u t i v i t y  f o l l o w s  i m m e d i a t e l y .  □
As on BBL(X) , t h e r e  a r e  s e v e r a l  o t h e r  s im p le  t y p e s  
o f  c o n g ru e n c e s  on Sy . F o r  B c  X\Y , we can d e f i n e
13-q = { ( a , b )  e Sy x SyiBa = Bb) and <jg = { ( a , b )  : D ( a , b )  c  B
and Y\(Xa U Xb' i  ^ i n f i n i t e )  . Each o f  t h e s e  r e l a t i o n s  i s
a  c o n g r u e n c e .
P r o p o s i t i o n  6 . 1 0 .  F o r  e a c h  x e X\Y , j _is a  m in im a l
e le m e n t  In  t h e  l a t t i c e  o f  c o n g ru e n c e s  on Sy .
/ \ *P r o o f . I t  s u f f i c e s  t o  show t h a t  f o r  ( a , b )  e ,
1 *< ( a , b ) >  = ctj-x j . L e t  ( c , d )  e . Then t h e r e  i s  a
f u n c t i o n  s e Sy su c h  t h a t  a s  = c and ( x ) b s  = ( x ) d  ;
t h e r e f o r e ,  ( c , d )  e < ( a , b ) >  . □
We now c o n s i d e r  a  few s im p le  exam ple s  where  X\Y I s
f i n i t e .  Note t h a t  i f  X\Y i s  f i n i t e ,  t h e n  f o r  each  
B c  X\Y , Cg = a-Q . As i l l u s t r a t e d  b e lo w ,  i t  i s  p o s s i b l e  
t o  c o n s t r u c t  numerous f i n i t e  l a t t i c e s  a s  t h e  l a t t i c e  o f  
c o n g r u e n c e s  f o r  some su b sem ig ro u p  Sy o f  BL(X) .
Example 6 . 1 1 .  I f  X\Y = fx) , t h e n  t h e  l a t t i c e  o f  c on ­
g r u e n c e s  on Sy i s  a  f o u r - e l e m e n t  c h a i n .
P r o o f . From 6 .7  we g e t  a  t h r e e - e l e m e n t  c h a i n  Cw,6y,e} .
. 1
As n o t e d  b e f o r e ,  s i n c e  X\Y i s  f i n i t e ,  a {x ) = a {x) ' ^n(1
s i n c e  a [x } = e > e -*■s m in im a l  by  6 . 1 0 .  □
Example 6 . 1 2 .  I f  X\Y = f x , y )  , t h e  l a t t i c e  o f  c o n g ru e n c e  
on Sy h a s  s i x  e l e m e n t s ,  {u ) ,6y ,e ,a | -x j , a ^ y j  and &} . I t  
i s  t h e  u n io n  o f  two c h a i n s  {uu, 6y, e ,  a {y}, A3 and
{ui,6y ,e,CT£x },A) w i t h  a^x j A ay = A and ax V ay  = e .
P r o o f . I t  s u f f i c e s  t o  show t h a t  °{x ) v a {y) = a {x y]  •
L e t  a , b , c  e Sy  such  t h a t  ( a , b )  e cr^x j , (”b , c )  e cr^y j
and xa  ^  yc . Then ( a , c )  e aj-x j v , D ( a , c )  = f x , y )
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an a  f x , y ) a  fl { x , y ) b  = 0 . U s in g  t h e  t e c h n i q u e s  o f  C h a p te r  
V , i t  can be  shown t h a t  < ( a , c ) >  = a { x , y )  , wh ich  i m p l i e s
that  ° t x ,y )  c  °{x)  V °(y}  •
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